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Abstract
Designing a thermal compensaton system always involves dealing with confictng requirements, such as minimizing the number of
sensors and transducers, cable routng and control power while ensuring maximal disturbances rejecton. To assist in the trade-of
process, it is essental to have a means to quickly investgate the merits of various confguratons. Startng from the dynamics of the
thermal systems, the residual positon error for any control loop can be quickly evaluated provided that such a model is given in an
efcient and compact manner. State-space models provide a convenient way to capture the system dynamics, and allow for the
exploraton of dozens of control confguratons with no appreciable computatonal burden. However, conventonal fnite element
packages do not have built-in capacites to efciently generate such compact models, and it is extremely inefcient to work with
the original detailed models.

In this paper, it is shown that using thermal modal analysis, thermal mechanical state-space models can be  efciently  built. In
partcular, it is shown that adding one extra state per actuator allows for capturing the full statc response of the system. While the
impact on the thermal response is generally limited, the mechanical response fdelity is very signifcantly improved, partcularly in
bending dominated problems. The method is validated against the full, detailed thermal mechanical response, and it show s that
the reduced models are both efcient and conservatve.

Model reducton, thermal modal analysis, state-space, thermal efects compensaton

1. Scope and motiaton 

The idea of using modal analysis to reduce the complexity of
thermal  transient  analyses  is  nothing new (see [1] or  [2] for
example). However, in contrast with structural dynamics where
it is de facto the standard approach, for thermal efects modal
superpositon techniques have never seemed to have received
a  broad  acceptance.  One  reason  for  this  might  be  that
convergence  is  comparatvely  slow,  i.e.  generally  a  large
number  of  thermal  modes  are needed  to  obtain  acceptable
agreement with the original model. 

Firstly, it must be acknowledged that this limitaton is a fact,
and arises partcularly in situatons where point-like heat loads
are applied. However, as noted in [3], while the temperature
distributon can be underestmated in the vicinity of the load,
this  does  not  mean that  the  quantty  of  interest  (generally,
positonal or angular deviaton) is severely afected. 

Secondly,  when higher accuracy is required, then the modal
basis  can  be  simply  augmented  using  the  so-called  residual
vector approach. A nice discussion of the method as applied in
the feld of  structural  dynamics,  where it  originated,  can be
found in [4]. To the best of the knowledge of the authors, the
method  has  never  been  applied  to  thermal  response
estmaton.  In  the  following  sectons  we  outline  the
corresponding procedure and show its benefts when applied
to  ultra-precision components.

2.1. Thermal  response using residual modal vector method

Mathematcally,  including  a  residual  vector  this  simply
amounts to evaluatng the ofset between the statc response

vector of the system obtained frstly using the original model,
and secondly using a modal basis, as followsn

T exact=K
−1P , and

T reduced=∑
i=1

n
t Φi P .Φi/ λi

Where K is the conductvity matrix, P is the nodal load vector
(thermal  power fed into the system on a node basis)  and  (
λi ,Φi )  are the eigenvalues and eigenvectors of the thermal

system, i.e solutons to the following matrix equaton. 
λC+K=0

Physically,  for  each  mode  the  corresponding  eigenvalue  is
equal to the inverse of the corresponding tme constant, that
is,  the  modes  with  the  lowest  eigenvalues  correspond  to
solutons to the free thermal response of the system with the
longest decay tme. The residual vector R is obtained by n

 R=T exact−T reduced
The process  can be repeated with each load case,  i.e.  the

response to the jth load vector will need to account for the jth

residual vector to be exact in the statc domain.

  2.2.  State-space thermal-mechanical  model  using residual
modal vector 

Thanks to linearity the mechanical response Φi,s  to all  of

the  nm thermal  modes  Φi,t can  be  evaluated  and
superimposed  to  obtain  the  complete  thermal  mechanical
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response.  By  the  same  procedure,  the  responses  to  the  na

residual vectors are estmated. 
This is sufcient to conveniently build a state-space model for

the thermal-mechanical response, i.e.n

x '=Ax+Bu , and

y=Cx+Du
Wheren

- x is the state vector, i.e containing the nm modal amplitudes
- y is the output vector, containing responses at the ns sensors 
- u is the input vector, containing the thermal power  delivered
by each of the na actuators

By  defniton,  A  is  a  square  diagonal  matrix  containing  the
eigenvalues, B is a nmxnm matrix containing the load vectors.  C
is a  nsxnm matrix containing the modal amplitudes at each of
the sensor locatons. 

Under normal circumstances,  D would be zero. When adding
residual  vectors,  each of  their contributons will  appear as a
feedthrough,  i.e.  an  additonal  response  whose  contributon
linearly (and instantly) follows the excitaton,  hence in the D
matrix. Mathematcally, D will be a nsxna , each column of which
will correspond to the j-th residual vector. See for example [5]
for  a  discussion  of  the  residual  vector  as  a  feedthrough  for
structural dynamics.

3. Practcal applicaton     

 The  methodology  outlined  previously  is  applied  to  a
geometrically  simple  optcal  component  for  which  fatness
requirements  are  tght,  while  thermal  efects  are  of  crucial
importance.  This  is  the  typical  confguraton  for  primary
mirrors  used  in  Synchrotron  Light  Source  facility  such  as
SOLEIL.  In  this  example,  the  heat  deposited  can  exceed
103 W/cm2, while the local slope error should be kept within
1 µrad,  down  to  0.2 µrad  in  the  near  future.  In  order  to
control  the temperature,  the  mirror  is  cooled  via  water  or
liquid  nitrogen  circulatng  into  a  copper  heat  exchanger,
tghtly on each of the mirrors side. The mirror itself is fted
with regularly spaced holes in order to allow boltng of each
half  of  the  heat  exchanger  to  the  mirror.  Such  a  mirror  is
shown on Figure 1.

Figure  1. primary  mirror  for  high-energy  X-ray  beamline  (SOLEIL
Synchrotron)

While  both  heat  load  and  heat  sinks  are  aimed  at  being
statonary, there are inevitable residual fuctuatons. The heat
load deposited on the optcal surface will change over tme, in
intensity, and in space because of the photon beam jiter, or
whenever  because  of  required  changes  in  undulator  gap.
Conversely, the cooling water will neither keep its temperature
constant to beter than 1 °C nor will the fow rate remain stable

within less than 10 to 20 %. This will induce some modifcaton
of the heat circulatng in the mirror, then of the  temperature
distributon and ultmately  the mechanical  distortons  of  the
optcal surface.

In  order  to  evaluate  the optcal  surface  distortons  due to
thermal transients, a thermal mechanical fnite element model
has been developed (using ANSYS rev 19.1), as shown on fgure
2. It consists of both the mirror and the cooler, and is meshed
using  20-nodes  brick  elements.  In  order  to  simplify  the
interpretaton, we assume a uniform thermal  conductance at
the  mirror/cooler  interface  of  50  000 W/m²/K,  as  would  be
obtained using a thermal contact enhancement foil (indium) as
is typically employed in such a situaton.

Figure 2. Finite Element model - mirror and cooler
The heat load is provided by the photon beam. It is assumed to
be centered  on  the optcal  surface,  with a maximum fux of
2500 W/cm2. The beam profle is assumed to be gaussian, with
a full-width-at-half-maximum equal to half the optcal surface
dimensions (160x25 mm2), hence a total input power of about
400 W. 
This  system  is  cooled  by  circulatng  water,  and  again  we
simplify things by assuming that the fow rate is large enough
to  maintain  a  fuid  bulk  temperature  at  21°C,  and  the  fuid
convecton (flm) coefcient is equal to 8000 W/m²/K .
Under those hypotheses, the temperature distributon is shown
in fgure 3, and the out-of-plane moton (with respect to the
optcal surface) in fgure 4. Although the temperature elevaton
is about 23 K, and the resultng distorton is about 5 µm, this is
already  enough  to  cause  some  loss  of  performance  for  the
overall system, since the corresponding slope is of the order of
100 µrad.

Figure 3. Temperature for nominal beam power (Tmax=42.8 °C)



Figure 4. Distorton  for nominal beam power dZmax=5.1 µm)

Equipped  with  those  reference  values,  we  can  estmate  the
convergence rate of the modal superpositon method. 

First  of  all,  we  begin  by  estmatng  the  modes,  see  [6]  for
generalites  about  the  ANSYS  matrix  manipulaton  language
(APDL Math), [7] for details specifc to thermal modal analysis
practcal implementaton and [8] for thermal harmonic analysis.

Table 1 - Thermal Modes
Mode Descripton
# τ [s]
1 12.0 Heat dumped into water
2 8.1 Heat traveling longitudinally (order 1)
3 4.3 Heat traveling longitudinally (order 2)
4 3.0 Heat travelling vertcally (order 1)

Obviously, modes 1 and  4 involve diferental expansion of the
upper  and  lower  part  of  the  system  (bi  metal  efect),  and
should be a major  contributor  to both the temperature  and
structural  response.  Other  modes  might  contribute  to
temperature  distributon,  but  minimally  to  the  distortons  of
the optcal surface. 

Figure 5. Temperature distributon for modes 1 to 4.

The  thermal  tme constants  distributon  is  given  in  fgure  6.
Since we are  aiming at  building a  model  that  would  have a
useful  bandwidth  extending up to 1 Hz,  we need to include
modes with tme constants shorter than approximately 0.5 to
1 s. From the thermal model (half model using the XZ plane of
symmetry),  we  see  that  there  are  less  than  10  modes  with
thermal  tme constants  longer  than  2 s,  but  more  than  100
modes  when setng the limit  at  0.5 s.  Obviously,  the modal
method is extremely efcient for slow dynamics, but there is a
clif-edge efect in the required number of modes as soon as
one tries to extend the bandwidth further. 

Figure 6. Thermal tme constants distributon
In  our  case  we  might  want  to  track  the  accuracy  of
temperature and structural responses obtained by including an
increasing  number  of  modes.  Again,  the  statc  response  is
straightforward  to  obtain.  The  states  (thermal  modes)  are
obtained as  x=−A−1Bu  and hence the statc response
reads (including the residual vector)n 

T static=Cxstatic+Du= (−CA−1B+D )u

Applying the procedure to the peak local temperature (on the 
optcal surface), it appears that the convergence rate is terribly 
slow. The relatve error exceeds 30% even for 100 modes 
included, and shows no sign of decrease (see Figure 7). On the 
contrary, the bump magnitude can be estmated within 1% by 
using as few as 20 modes.
In this context, it is clear that adding a single residual vector 
would defnitely help to overcome convergence problems. 

Figure 7. Relatve error on local temperature



Figure 8. Relatve error on bump amplitude

Residual iector efect on transfer functons

Since the quantty of interest is the optcal surface distorton,
from this  point  on  we will  focus  on  the thermal  bump.  The
frequency response estmated in the absence of residual vector
is given in fgure 9 below. The input is expressed as a fracton of
total thermal power, and the output is the thermal bump (in
mm).  We  can  check  that  for  10  and  100  modes,  the  statc
response is close to the reference value of  5.1µm. 

Figure 9. Transfer functon without residual vector n magnitude

Figure 10. Transfer functon without residual vector n phase

The  beneft of including a residual vector is shown in fgures 11
and 12, for magnitude and phase. Clearly, as far as magnitude
is concerned, the model validity is greatly improved, and the
usable  bandwidth  extends  largely  above  0.1Hz.  In  terms  of
phase, however, it is clear that it cannot be reliably estmated
for frequencies above 0.5 Hz. Inconsistent results are obtained,
clearly showing  limitatons  of  the model  (and to  begin with,
space discretzaton is probably insufcientn for silicon, thermal
difusivity is about 90 mm2/s, and a mesh with an element size
6 mm might not be fne enough). 

 
Figure 11. Transfer functon with residual vector n magnitude

Figure 12. Transfer functon with residual vector n phase

4. Conclusion     

In this paper, we have shown that  thermal mechanical state-
space  models  can  be  efciently built by  using  the  modal
method. In partcular, it is shown that adding one extra state
per actuator allows for capturing the full statc response of the
system. While the impact on the thermal response is generally
limited,  the  mechanical  response  fdelity  is  very  signifcantly
improved,  partcularly  in  bending  dominated  problems,  or  if
local results are to be obtained. In partcular, it has been shown
that convergence can be obtained at drastcally diferent rates,
depending on the quantty of interestn for the same number of
modes included in the analysis, the relatve error could vary by
as much as two order of magnitudes. 

Since  it  is  not  feasible  to  obtain  accurate  results  with
confdence  by  solely  relying  on  engineering  judgment,  it  is
recommended  to  systematcally  add  a  residual  vector,  thus
largely improving the robustness  of  the analysis.  It  has  been
shown,  however,  that  while  the system response in the low



frequency  range  is  clearly  improved,  the  asymptotc  (high-
frequency) response is biased, and in partcular, startng from a
limit frequency the phase is clearly corrupted (i.e. it begins to
increase),  a clear warning sign that the model should not be
used  above  that  partcular  frequency.  To  summarize,  the
residual vector method only dramatcally enhances the fdelity
of model in the low frequency range, but does not extend its
validity in the higher frequency range. 

This  work  could be improved by  modifying  the correctonn
the residual  vector  could  be modifed into  a  residual  mode,
with  a  specifc  tme constant  chosen  so  as  to  minimize  the
deviaton  from  the  exact  response  above  the  model  cut-of
frequency.
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