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Abstract 
The temperature field of machine tool structures change constantly in response to external and internal heat changes, as do the 
thermal deviations of the TCP. This leads to inaccuracy of machined work pieces. Therefore it is necessary to minimize the occurring 
thermal errors of machine tools. This paper shows, that for accurate thermal error models based on input-output behaviour, a 
dynamic modelling approach is necessary to capture the time dependent thermal errors. It is shown, based on a simple thermo-
mechanical FEM model, that the ARX model structure outperforms static as well as other dynamic models. 

Thermal errors, modelling, dynamic, FEM  

1. Introduction

In this work, a time series modelling approach of thermal 
errors based on the system identification theory is presented. 
System identification is the subject of constructing or selecting 
models of dynamical systems to serve certain purposes. This 
modelling approach is capable of describing the non-
instantaneous relationship of input and output based on the 
dynamic nature of thermo-mechanical systems. The aim of the 
model is to predict thermally induced errors of machine tools in 
dependency of varying thermal loads.  

2. Models of Time-Invariant Systems

The relationship between temperature data and the thermal 
position and orientation errors at the TCP can be described by a 
linear time-invariant dynamic system. As explained by Tangirala 
[1] the output of such systems can be expressed as weighted 
sum of a finite number of past inputs � and outputs � as well as 
a disturbance term �. The additive disturbance term � is 
introduced to describe modelling uncertainties, such as, 
modelling approximation, unrecognized and not modelled 
inputs, and noise-corrupted measurements. According to Ljung 
[2] a linear time-invariant system can be written in a general 
form as follows: 

�(�)�[�] =
�(�)

�(�)
�[�] +

�(�)

�(�)
�[�] (1) 

�(�), �(�), �(�), �(�) and �(�) denote five different 
polynomials influencing the input �[�], the output �[�] as well 
as the disturbance term �[�]. With the use of different 
combinations of these five polynomials, 32 unique model sets 
can be created. The structure of Equation (1) is too general for 
most practical purposes. One or several of the five polynomials 
can be fixed to unity in most applications. Additionally the time-
shift operator � is used as follows: 

� ⋅ �[�] = �[� + 1]   ���    ����[�] = �[� − 1] (2) 

2.1. Autoregressive Model with Exogenous Inputs 
The linear difference Equation (1) maps the past input and 

output data into the current output and provides a parsimonious 

system description. According to Mayr et al. [3] the input output 
description of thermo-mechanical systems can be written as: 

�(�)�[�] = �(�)�[�] + �[�] (3) 

where �[�] are the thermal position and orientation errors at 
the TCP. Such a model is called ARX, where AR refers to the 
autoregressive part �(�)�[�] and X to the extra input 
�(�)�[�], also called the exogenous input. A unique feature of 
this approach is the possibility to analytically estimate the model 
parameters with the least-squares estimator. 

3. Simulation      

The temperature field of the machine tool structure changes 
constantly in response to external and internal heat changes, as 
do the thermal deviations at the TCP. As pointed out by Yang and 
Li [4] the unmodelled dynamic characteristics of temperature 
variables and thermal errors are the major causes of inaccurate 
and non-robust thermal error modelling using a static modelling 
approach. 

Figure 1. 3D FEM model of simplified machine tool structure. Indication 
of heat sources, Q1 and Q2, temperature recording spots, S1 and S2, as 
well as thermal deviation measurement points, T and W. 

In this section, a comparison of different static and dynamic 
modelling methods are used to verify this theory. With the use 



of a simulation framework the performance of the different 
models are compared. A three dimensional FEM model of a 
simplified machine tool structure is built as shown in Figure 1. 
The modelled machine consists of three bodies, base, column 
and spindle. All bodies are modelled with the same material. The 
FEM model is used to simulate both the transient temperature 
field as well as the thermo-mechanical deviations using the 
commercial FEM software MORe [5]. 

The machine model has two independent heat sources. Heat 
source Q1 is located at the front end of the base, the heat source 
Q2 is located at the top of the spindle body. In order to monitor 
the heat flux inputs of the two independent heat sources, two 
virtual temperature sensors S1 and S2 are located close to the 
heat sources. The relative drift between the points T and W is 
considered as the three dimensional thermal deformation, X, Y 
and Z direction, of this machine structure. 

The model parameters and material properties are shown in 
Table 1. All material property coefficients are considered 
temperature independent, since the range of temperature is 
small. 

Table 1. Material properties and model parameters of FEM model. 

Thermal conductivity k 60.5 W/mK 

Specific heat capacity c 434 J/kgK 

Thermal expansion coefficient � 12 µm/mK 

Convection coefficient h 5 W/m2K 

Environmental temperature ���� 20 °C 

Density � 7850 kg/m3 

Length �� 1 m 

Width �� 0.8 m 

Height �� 1.4 m 

To excite a broad spectrum of dynamics of the system, the 
heat flux data is generated in a random pattern for a total of 
48 hours. Two sets of input data for the two heat sources are 
generated, as shown in Figure 2. One is used for model training, 
while the other is used for model validation. To simplify the 
problem, the heat loads are switched and scaled for the 
validation data set, as can be seen in Figure 2. 

Figure 2. Heat flux input data for model training (top) and model 
validation (bottom). 

The corresponding temperature values of the two virtual 
measurement points S1 and S2 are shown in Figure 3. These 
temperatures will be used in the following sections to model the 
thermal deviations. In Figure 1 the points T and W depict the 
location of the surfaces used to evaluate the relative deviation 
between tool and workpiece. The deviations in X-, Y- and Z-
direction are depicted in Figure 4. The thermally induced 
deviations in X-direction are neglectable small, due to the 
symmetry of the modelled machine in the YZ-plane. A negative 
deviation in Z-direction occurs, when the distance between T 
and W is reduced, as it happens, when for example the spindle 
body is heated up. 

Figure 3. Temperature data for model training (top) and model 
validation (bottom). 

Figure 4. Relative deviations between T and W for model training (top) 
and model validation (bottom). 

3.1. Static Modelling 
The static modelling approach is widely used in industry to 

compensate thermal deviations of machine tools. The approach 
is based on the assumption of direct correlation between the 



structural temperatures and the occurring deviations at the TCP. 
As shown by Yang and Li [4], the phenomena of pseudo-
hysteresis can have a negative effect on the robustness and the 
compensation quality of such static models. To further proof 
these difficulties a static model based on FEM simulations of the 
simplified machine tool shown in Figure 1 is computed. 

As seen in Figure 4 the deviations in X-directions are 
neglectable small and will not be considered for the modelling 
process. Therefore, only the deviations in Y- and Z-direction are 
modelled. As inputs for the regression model the virtually 
measured temperatures close to the two heat sources are used. 
This 2-input 2-output MIMO system can be partitioned into two 
2-inputs 1-output MISO systems. The parameter estimation is 
performed on the training data set with the linear least squares 
criterion and results in the following equation: 

�� = 0.1976 + 3.3654 ⋅ ��� − 0.4747 ⋅ ���

�� = 1.1052 + 1.1560 ⋅ ��� − 1.4357 ⋅ ���
(4) 

The estimation model of each direction consist of two 
temperature inputs, ��� and ���, as well as the corresponding 
weighting parameters and the intercept term. Figure 5 shows 
the simulated and the modeled deviations of the FEM model in 
Y-direction. One can see, that the fit for the training as well as 
for the validation data set is satisfactory. The limitations of the 
static modelling method are obvious, when comparing the 
modelled and simulated deviations in Z-direction. Figure 6 
shows that the model is not capable of capturing the thermal 
behaviour in Z-direction, neither in the training nor in the 
validation data set. This can be explained by looking at the 
underlying physical phenomena that leads to this deviation in Z-
direction. The heat conduction into the column of the machine 
has a significant influence on the deviation but is due to the time 
delay of the conduction not covered by the static modelling 
approach. Therefore, the model can capture the fast and direct 
thermal responses of the system, as can be seen in Y-direction, 
but lacks of robustness when it comes to time delayed effects. 

Figure 5. Simulated deviations and estimation for Y-direction using a 
static multivariable regression method for (dashed lines) model training 
and (solid lines) model validation. 

Figure 6. Simulated deviations and estimation for Z-direction using a 
static multivariable regression method for (dashed lines) model training 
and (solid lines) model validation. 

3.2. FIR Modelling 
Since thermo-mechanical deviations show a time dependent 

behaviour with certain time delay effects a dynamic modelling 
approach is investigated in more detail. 

The only difference between the Finite Impulse Response (FIR) 
model and the static multiple regression model is, that also past 
inputs are considered to compute the occurring thermal 
deviation. In the following the time-shift operator � is used, 
where for example ��� denotes that the input is shifted by two 
sample time instances. For the post-processing of the FEM 
model a sampling time of 5 minutes is chosen. Since the amount 
of considered past inputs is strongly influencing the prediction 
accuracy and the robustness, an optimum has to be found. This 
can be done with the Minimum Description Length (MDL) 
criterion introduced by Rissanen [6]. The MDL criterion 
evaluates the prediction quality and penalizes high model 
orders. Therefore an overfitting of the training data can be 
avoided and the model order is kept as small as possible. 

The optimal input order for the deviations in Y-directions for 
the training load case was found to be ��,�� = 2 and ��,�� = 4. 

Therefore, the resulting model equation is as follows: 
�� = 0.2249 + (−20.5312 + 23.8548���) ⋅ ��� +

(2.8056 − 4.2741��� + 5.9252��� − 4.8674���) ⋅ ���
(5) 

The chosen input order for the FIR model of the deviations in 
Z-direction is ��,�� = 10 and ��,�� = 10, the model equation 

representation is omitted here. Based on the fact, that the order 
of �� is limited to 10, the fit quality would improve even more, 
for higher orders of ��. Since the number of considered past 
inputs is influencing the number of total modeling parameters, 
the variable �� has to be limited to shorten the amount of data 
and therefore time needed for training of the model. 

Figure 7. Simulated deviations and estimation for Y-direction using 
dynamic FIR method, ��,�� = 2 and ��,�� = 4,  for (dashed lines) model 
training and (solid lines) model validation. 

Figure 8. Simulated deviations and estimation for Z-direction using 
dynamic FIR method, ��,�� = 10 and ��,�� = 10,  for (dashed lines) 

model training and (solid lines) model validation. 

The resulting model estimation for the training and the 
validation data sets are depicted in Figure 7. and Figure 8. The 
estimation quality in Y-direction is satisfactory, both in the 
training as well as in the validation data set. The fit shows peaks 
at instances where the heat load drastically changes. 



The model estimation for the deviations in Z-direction show an 
increased quality compared to the static model, see Figure 6. It 
can be seen, that the goodness of fit decreases from the training 
to the validation data set and that in both cases distinct peaks 
after load changes appear. Additionally, certain dynamics are 
not captured by the FIR model. 

3.3. ARX Modelling 
The ARX model considers past and present system inputs as 

well as past system outputs to compute the prediction for the 
current system output. According to Equation (3) a SISO system 
can be described as follows: 

�[�] = −�� ⋅ �[� − 1] − ⋯− ���
⋅ �[� − ��] + �� ⋅ �[�] +

�� ⋅ �[� − 1] + ⋯+ ���
⋅ �[� − ��] + �[�] (6) 

Since the relative TCP deviation can in an industrial application 
not be measured in the same frequency as the used sample rate 
of 5 minutes not the real deviations but the predicted ones are 
fed back into Equation (6) So past predictions are used in 
combinations with temperature measurements to predict the 
current deviations. 

Figure 9. Simulated deviations and estimation for Y-direction using 
dynamic ARX method, �� = 1, ��,�� = 2 and ��,�� = 4, for (dashed 
lines) model training and (solid lines) model validation. 

Figure 10. Simulated deviations and estimation for Z-direction using 
dynamic ARX method, �� = 1, ��,�� = 10 and ��,�� = 10, for (dashed 
lines) model training and (solid lines) model validation. 

To model the Y- and Z-deviations with an ARX model an order 
for the considered past outputs (��) is necessary. For the sake 
of simplicity and practical reasons, an order �� = 1 is chosen. 
The optimal input order for the deviations in Y-directions are the 
same as for the FIR model, ��,�� = 2 and ��,�� = 4. Therefore 

the resulting ARX model equation is as follows: 
�� = −0.0106 − 0.9395��� ⋅ �� + (0.9658 − 0.7359���) ⋅

��� + (0.0990 + 0.0376��� − 0.0610��� − 0.1236���) ⋅ ���

(7) 
The chosen input order for the ARX model of the deviations in 

Z-direction is the same as for the FIR model, ��,�� = 10  and 

��,�� = 10, the model equation representation is omitted here. 

Same as before, the order of �� is limited to 10 and therefore 
the fit quality would improve even more, for higher orders of ��. 
Since the number of considered past inputs is influencing the 
number of total modeling parameters, the variable �� has to be 

limited to shorten the amount of data and therefore time 
needed for training of the model. 

The corresponding fits for the training and the validation data 
sets are depicted in Figure 9 for the Y-deviations and in Figure 10

for the Z-deviations. The fits for both directions in the training 
data set are nearly perfect. The prediction for the validation data 
sets are also very satisfactory for both directions.

3.4. Comparison
For the purpose of a quantitative comparison of the prediction 

quality of the three models, a certain metric is necessary. A 
literature study performed by Botchkarev [7] showed, that in the 
field of regression analysis no distinct performance metric is 
used. Since every measure of the prediction error has its benefits 
and disadvantages this thesis utilizes the most commonly used 
prediction metrics and certain additional quality indicators that 
have a relation to the actual quality of the manufactured 
workpieces. The used indicators are, Root Mean Square Error 
(����), Symmetric Mean Absolute Percentage Error (�����), 
peak to peak improvement (���) and the 99th Percentile (P99). 
Blaser et al. [8] describe these quality indicators in detail. 

Since an evaluation of the training data is biased, only the 
validation data is used for this evaluation. Table 2 shows the 
results of this analysis. It can be seen, that the ARX model 
outperforms the other models in all categories. It can also be 
seen, that the Static and the FIR model both perform similar and 
that no real improvement is achieved by using only past and 
present temperature inputs. Only in combination with past 
predictions, the full potential can be tapped. 

Table 2. Quality indicators for the different prediction models for the 
validation load case. The smaller the value the better the fit. 

Y Z 

Static FIR ARX Static FIR ARX 

����

[µm] 
2.3 1.6 1.0 4.3 4.5 3.5 

�����

[%] 
9.1 6.9 4.3 48.4 49.8 41.9 

��� [%] 39.4 41.8 13.0 101.8 160.0 62.3 

P99 
[µm] 

5.1 4.1 2.0 10.8 13.2 7.4 
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