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Abstract 
 

Flexible coordinate measuring machine (CMM) is a type of CMM with 

rotational joints and flexible arms, where linear measurements are replaced by 

angular measurements. Due to its large measuring range, small size and low 

weight, it has been widely used in many applications. Denavit-Hartenberg 

parametric method is often employed to describe the measuring equations and 

error models of flexible CMMs.  On the other hand, it is well known the 

quaternions can be used to speed up calculations involving rotations. A 

quaternion is represented by just four scalars, compared with a 3×3 rotation 

matrix which has nine scalar entries. Since invented by W.R. Hamilton, 

quaternions have found applications in situations involving rotations. In this 

paper, we will present the detailed error analysis of flexible CMMs by means of 

quaternions and discuss the results in comparison with rotational matrix 

approaches. 

 

1 Introduction 
 

Flexible coordinate measuring machine (CMM) is a type of CMM with 

rotational joints and flexible arms, where linear measurements are replaced by 
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angular measurements. Due to its large measuring range, small size and low 

weight, it has been widely used in many applications [1]. 

 

 
Figure 1: Flexible CMM and geometric diagram 

 

As shown in Figure 1, the flexible CMM has six rotational arms, of which 

the two adjacent arms are perpendicular to each other at zero positions. The right 

figure is its geometric diagram with six coordinate systems. In 1955, Denavit 

and Hartenberg proposed a method, which used a homogeneous transformation 

matrix to describe the relationship between two different coordinate system [2-

4]. 

 

 T = [

𝑛𝑥 𝑜𝑥 𝑎𝑥 𝑝𝑥

𝑛𝑦 𝑜𝑦 𝑎𝑦 𝑝𝑦

𝑛𝑧 𝑜𝑧 𝑎𝑧 𝑝𝑧

0 0 0 0

]    (1) 

 
As shown in (1), it is often used to describe the transformation matrix from 

𝑖th  coordinate system to (𝑖 − 1)th  coordinate system, where (𝑝𝑥 , 𝑝𝑦 , 𝑝𝑧) 

denotes the coordinates of the origin of 𝑖th system in the (𝑖 − 1)th coordinate 

system. (𝑛𝑥, 𝑛𝑦 , 𝑛𝑧) ,  (𝑜𝑥 , 𝑜𝑦 , 𝑜𝑧)  and  (𝑎𝑥 , 𝑎𝑦 , 𝑎𝑧)  denote direction cosines of 

𝑥, 𝑦, 𝑧 axes of 𝑖th system relative to (𝑖 − 1)th coordinate system, respectively. 

Define T(𝑖−1)𝑖(𝑖 = 1,2,⋯ ,6) as the homogeneous transformation matrix from 

coordinate system 𝑖  to system (𝑖 − 1)  in Figure 1. Then the measurement 

model can be obtained by the following transformation matrix: 

 

 T16 = T12T23T34T45T56    (2) 

 

The measurement model involves several matrix multiplications. When 

considering various errors, relevant matrices need to be expanded, which may 

introduce approximation (thus additional modelling error) and complexity. In 

this paper, we will employ quaternions to perform the modelling and error 

analysis of the flexible CMM. 
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2 Quaternions 
 

2.1  Notations and definitions 
 

Quaternions are invented by W.R. Hamilton, they can be used to speed up 

calculations involving rotations. As a quaternion is represented by just four 

scalars, in contrast to a 3 × 3 rotation matrix which has nine scalar entries [5].  

      A quaternion is defined as follows [6]: 

 

 Q = a𝒊 + b𝒋 + c𝒌 + q0         (3) 

 
where a, b, c, q0 are real numbers, and 𝒊, 𝒋, 𝒌 are the  imaginary  units  which 

obey  the  following multiplication rules: 

 

 

{
 

 
𝒊𝟐 = 𝒋𝟐 = 𝒌𝟐 = −𝟏

𝒊𝒋 = −𝒋𝒊 = 𝒌            
𝒌𝒊 = −𝒊𝒌 = 𝒋           
𝒋𝒌 = −𝒌𝒋 = 𝒊           

  (4) 

 

Let 𝒒 = a𝒊 + b𝒋 + c𝒌, the equation (3) can be rewritten as: 

 

 Q = q0 + 𝒒            (5) 

 

where q0 denotes the scalar part, and 𝐪 denotes the vector part. 

Given another quaternion P(P = p0 + 𝒑), their product according to the 

algebraic rules of multiplications given above is [6]: 

 

 PQ = (p0 + 𝒑)(q0 + 𝒒) = p0q0 − 𝒑 ∙ 𝒒 + p0𝒒 + q0𝒑 + 𝒑 × 𝒒        (6) 

 

where 𝒑 ∙ 𝒒  and 𝒑 × 𝒒 represent the standard inner and cross products.  

Meanwhile, (p0q0 − 𝒑 ∙ 𝒒) is the product’s scalar part, and (p0𝒒 + q0𝒑 +
𝒑 × 𝒒) denotes the vector part. If p0 = 0 and q0 = 0, P = 𝒑, Q = 𝒒 are pure 

quaternions and the product can then be simplified as: 

 

 PQ = −𝒑 ∙ 𝒒 + 𝒑 × 𝒒           (7) 

 

The norm of the quaternion Q is defined in (8):   

 

 ‖Q‖ = √q0
2 + |𝒒|2 = √q0

2 + 𝑎2 + 𝑏2 + 𝑐2            (8) 

 

If the norm is 1, the quaternion is called a unit quaternion. 

The quaternion Q∗ = q0 − 𝒒   is called the conjugate of Q , with the 

following properties:   

 Q∗Q = QQ∗ = ‖Q‖2
            (9) 
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 (PQ)∗ = 𝑄∗𝑃∗             (10) 

 ‖PQ‖ = ‖P‖‖Q‖            (11) 

 

Given an arbitrary quaternion Q, it can be described as [7]: 

 

 Q = ‖Q‖(cos 𝛼 + 𝒏sin 𝛼)             (12) 

 

where 𝒏 is the unit quaternion, and 𝒏 = 𝒒/‖𝒒‖, cos 𝛼 = q0/‖Q‖, 0 ≤ 𝛼 < 𝜋. 

 

2.2  Quaternions and rotations 
 

Let S be an arbitrary inertial reference frame with basic vectors being identified 

with 𝒊, 𝒋, 𝒌 and 𝒓 be a given arbitrary vector, R𝑠 = r0 + 𝒓. The unit quaternion 

Q presented in (13) can denote a counter-clockwise rotation which rotates an 

angle of 2𝛼 along the vector 𝒏 in the coordinate system S [7].  

 

 Q = cos 𝛼 + 𝒏 sin 𝛼             (13) 

 

When the given vector rotates an angle of 2𝛼  along the vector 𝒏 in the 

coordinate system S, the resulting vector R𝑠
′ can be computed through rotation 

transformation as:  

 

 R𝑠
′ = QR𝑠Q

∗             (14) 

 

where the vector part of R𝑠
′ is the rotated vector in the coordinate system.  

If the vector 𝒓 goes through several rotations in the same inertial reference 

frame, the rotation quaternions are described as  Q1, Q2, ⋯Q𝑘 ,and the resulting 

vector is : 

 

 R𝑠
′ = Q𝑘(⋯ (Q2(Q1R𝑠Q1

∗)Q2
∗)⋯ )Q𝑘

∗
             (15) 

 

According to (10), equation (15) can be rewritten as follows: 

 

 R𝑠
′ = Q𝑘 ⋯Q2Q1R𝑠Q1

∗Q2
∗ ⋯Q𝑘

∗ = (Q𝑘 ⋯Q2Q1)R𝑠(Q𝑘 ⋯Q2Q1)
∗  (16) 

 

3 Measurement model and error analysis 
 

3.1  Measurement model based on quaternions 
 

In Section 1, we have established six coordinate systems and presented the 

coordinate system transformation using matrix rotation and translation. 

Quaternions can easily represent vector rotations, they can also realize 

coordinate translation by means of vector synthesis and decomposition. Figure 1 

can be simplified as follows: 

      In Figure 2, point 𝑝 is the measuring tip of the system and 𝑝′ is the point 

after rotation. 𝑃 and 𝑃′ are used to denote their homogeneous coordinates. The 
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Figure 2: Vector diagram of the flexible CMM 

 

position of the measuring tip in 𝑜𝑥𝑦𝑧 can be obtained by a series of coordinate 

transformations and translations. The position vector o𝑝⃑⃑⃑⃑  is composed of seven 

parts: 

 

 o𝑝⃑⃑⃑⃑ = 𝒗1 + 𝒗2 + 𝒗3 + 𝒗4 + 𝒗5 + 𝒗6 + 𝒗7     (17) 

 

where 𝒗6  and 𝒗7  rotate 𝜃6, 𝜃5, 𝜃4, 𝜃3, 𝜃2 𝑎𝑛𝑑 𝜃1  around respective axes which 

are parallel to 𝑜𝑥 or 𝑜𝑧.  Similarly, 𝒗5 rotates 𝜃5, 𝜃4, 𝜃3, 𝜃2 𝑎𝑛𝑑 𝜃1;  𝒗4 rotates 

𝜃4, 𝜃3, 𝜃2 𝑎𝑛𝑑 𝜃1; 𝒗3 rotates 𝜃3, 𝜃2 𝑎𝑛𝑑 𝜃1; 𝒗2 rotates 𝜃2 𝑎𝑛𝑑 𝜃1; and 𝒗1 rotates 

 𝜃1  around 𝑜𝑧 . Further, 𝒗1~𝒗7  are parallel to coordinate axes, which could 

simplify the calculation process. 

We can define seven coordinate systems based on the above vectors. Then 

the rotational result o𝑝′⃑⃑ ⃑⃑  ⃑ can be obtained by matrix transformations: 

 

 𝑃′ = 𝑅1(𝑅2(𝑅3(𝑅4(𝑅5(𝑅6(𝑃 + 𝑇6) + 𝑇5) + 𝑇4) + 𝑇3) + 𝑇2) + 𝑇1)  (18) 

 

where 𝑅𝑖(4 × 4)  and 𝑇𝑖  (4 × 1)(𝑖 = 1,2,⋯ ,6) are the rotation matrix and 

translation matrix. 

 However, according to (14), the rotation may be represented as: 

 

 𝑅𝑖𝑃 = Q𝑖o𝑝⃑⃑⃑⃑ Q𝑖
∗   (19) 

 

And it is easy to know that 𝑇𝑖  is equivalent to 𝒗𝒊 . Hence, (18) could be 

rewritten as: 

 

 o𝑝′⃑⃑ ⃑⃑  ⃑ = Q06(𝒗6 + 𝒗7)Q06
∗ + Q05𝒗5Q05

∗ + Q04𝒗4Q04
∗ + Q03𝒗3Q03

∗ +
Q02𝒗2Q02

∗ + Q01𝒗1Q01
∗  (20) 

 

where Q06 = Q1Q2Q3Q4Q5Q6 , Q05 = Q1Q2Q3Q4Q5 , Q04 = Q1Q2Q3Q4 , 

Q03 = Q1Q2Q3, Q02 = Q1Q2 and Q01 = Q1; and  

 {
Q1 = cos

𝜃1

2
+ 𝒌sin

𝜃1

2
, Q3 = cos

𝜃3

2
+ 𝒌sin

𝜃3

2
, Q5 = cos

𝜃5

2
+ 𝒌 sin

𝜃5

2

Q2 = cos
𝜃2

2
+ 𝒊 sin

𝜃2

2
, Q4 = cos

𝜃4

2
+ 𝒊 sin

𝜃4

2
, Q6 = cos

𝜃6

2
+ 𝒊 sin

𝜃6

2
   

   (21) 
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According to (20), the vector o𝑝′⃑⃑ ⃑⃑  ⃑ is decomposed into seven different vectors, 

which include related rotation information. The result can be obtained by 

calculating every vector’s rotation, and it can be completed in one coordinate 

system. 

 

3.2  Measurement error analysis 
 

In practical applications, the measurement accuracy of the flexible CMM is 

seriously affected due to arm length error, misalignment error, 

nonperpendicularity, initialization error and etc.  Assume the rotation angle 

errors of the six angular encoders are ∆𝜃𝑖(𝑖 = 1,2,⋯ ,6), the joint arm length 

error are ∆𝑑𝑖(𝑖 = 1,2,⋯ ,7), the nonperpendicularity errors between the 𝑖th and 

(𝑖 − 1)th joint arms (𝑖 = 1,2,⋯ ,7) are δ𝛼𝑖  and δ𝛽𝑖 . When 𝑖 = 1, δ𝛼1  and δ𝛽1 

are the nonperpendicularity errors of the first arm relative to the base. In the 

ideal measurement model presented in Figure 2, intersection errors are also 

neglected, we define the intersection errors are ∆𝑎𝑖 and ∆𝑏𝑖 (𝑖 = 1,2,⋯ ,7). 

 

3.2.1 Rotation angle errors 
 

Rotation angle error of each rotational joint mainly comes from initialization 

and reading error. It can be conveniently denoted by encoder readouts and can 

be easily compensated, e.g. by rotating the same minute angle at relevant joint.  

 

3.3.2 Nonperpendicularity 
 

Ideally, the adjacent flexible arms of CMM are perpendicular to each other at 

zero positions. However, axis nonperpendicularity may result from the 

assembling process, with misalignments in each axis. Arm 1 and arm 2, arm 3 

and arm 4, arm 5 and arm 6 can be analysed as three respective pairs. Similar to 

the error analysis of two axial platform, the nonperpendicularity errors could be 

denoted by minute changes of the rotation angle of each encoder [8]. Take arm 1 

and arm 2 for example, direction of 𝒗2 is the initial pointing direction and the 

errors are presented in Figure 3. 

 

 
Figure 3: Nonperpendicularity 

app:ds:installation
app:ds:error
app:ds:perpendicularity
app:ds:perpendicularity
app:ds:assembling%20process
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𝑜0𝑥0𝑦0𝑧0 in Figure 3 is the base’s coordinate system, 𝑜1𝑥1𝑦1𝑧1 is the first 

arm’s coordinate system, 𝑜2𝑥2𝑦2𝑧2  is the second arm’s coordinate system. 

Ideally, the three coordinate systems coincide at zero position. Due to 

nonperpendicularity, however, δ𝛼1  and δ𝛽1  are inclined angular components 

between 𝑜0𝑥0𝑦0𝑧0  and 𝑜1𝑥1𝑦1𝑧1  along 𝑥 and 𝑦 axes, respectively. δ𝛼2  and δ𝛽2 

are inclined angular components between 𝑜1𝑥1𝑦1𝑧1 and 𝑜2𝑥2𝑦2𝑧2 along 𝑥 and 

𝑧  axes, respectively. o𝑝⃑⃑⃑⃑  (parallel to 𝑜0𝑦0  ) rotates 𝜃2 𝑎𝑛𝑑 𝜃1  around 𝑥  and 𝑧 

axes, and the expected pointing direction of o𝑝′⃑⃑ ⃑⃑  ⃑ can be obtained by: 

 

o𝑝′⃑⃑ ⃑⃑  ⃑ = (Q1Q2)o𝑝⃑⃑⃑⃑ (Q1Q2)
∗ = 𝒊cos 𝜃2 cos 𝜃1 + 𝒋 sin 𝜃2 cos 𝜃1 − 𝒌 sin 𝜃1  (22) 

 

Due to the nonperpendicularity errors, the actual pointing error would be 

biased. Assume ∆𝜃𝑖𝑛(𝑖 = 1,2,⋯ ,7) as the effect on 𝜃𝑖, the nonperpendicularity 

effects  due to arms 1 and 2 can be shown in Table 1 [8]: 
 

Table 1: nonperpendicularity effects on encoder readouts 

 δ𝛼1 δ𝛽1 δ𝛼2 δ𝛽2 

∆𝜃1𝑛 δ𝛼1 cos 𝜃1 tan 𝜃2 δ𝛽1 sin 𝜃1 tan 𝜃2 δ𝛼2 tan 𝜃2 δ𝛽2 

∆𝜃2𝑛 −δ𝛼1 sin 𝜃1 δ𝛽1 cos 𝜃1 0 0 

 

The nonperpendicularity effects due to arms 3 and 4, and arms 5 and 6 could 

be similarly obtained. 

 

3.3.3 Arm length error 
 

In the ideal measuring model presented in (20), the norm of each vector is the 

corresponding arm length. The arm length error would affect final position 

coordinates. For example, |𝒗6| is ideal length of the sixth arm, ∆𝑑6 is the length 

error, the actual length is hence (|𝒗6| + ∆𝑑6). Assume 𝑝′′ is the actual final 

point, according to (20), its effect on the coordinate change can be denoted by: 

 

 𝑝′𝑝′′⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑  = Q06(
∆𝑑6

|𝒗6|
𝒗6)Q06

∗  (23) 

The effects of the other arm length errors can be obtained in the same way. 

 

3.3.4 Intersection error 
 

The intersection error means two intersecting axes do not exactly intersect. It 

produces a minute translation along two perpendicular directions, as shown in 

Figure 4. 
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Fgiure 4: Intersection error 

 

𝑜𝑖𝑥𝑖𝑦𝑖𝑧𝑖 is ideal position, 𝑜′𝑖𝑥′𝑖𝑦′𝑖𝑧′𝑖  is actual position, ∆𝑎𝑖 and ∆𝑏𝑖 are the 

biases. Take the third arm’s intersection error for example, we have: 

 

 o𝑝⃑⃑⃑⃑ = 𝒗1 + (𝒗2 + 𝒗∆𝑎3
+ 𝒗∆𝑏3

) + 𝒗3 + 𝒗4 + 𝒗5 + 𝒗6 + 𝒗7   (24) 

 

Then, according to (20), its effect on the coordinate change can be denoted 

as: 

 

 𝑝′𝑝′′⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑  ⃑ = Q02(𝒗∆𝑎3
+ 𝒗∆𝑏3

)Q02
∗   (25) 

 

The effects of the other intersection errors can be similarly determined.   

 

3.3.4 Error summary 
 

According to the above discussions, rotation angle error and nonperpendicularity 

can be denoted by encoder readouts, and can be easily compensated by adjusting 

encoders’ inputs. Length error and intersection error on the other hand would 

cause coordinate’s translation, which are better to be compensated by final 

coordinate transformation. The relevant errors are respectively presented and 

summarised  in Tables 2, 3 and 4. 

 

Table 2: Rotation angle errors denoted by encoder readouts 

Encoder 

readouts 
∆𝜃1 ∆𝜃2 ∆𝜃3 ∆𝜃4 ∆𝜃5 ∆𝜃6 

𝜃1 ∆𝜃1 0 0 0 0 0 

𝜃2 0 ∆𝜃2 0 0 0 0 

𝜃3 0 0 ∆𝜃3 0 0 0 

𝜃4 0 0 0 ∆𝜃4 0 0 

𝜃5 0 0 0 0 ∆𝜃5 0 

𝜃6 0 0 0 0 0 ∆𝜃6 
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Table 3: Nonperpendicularity errors denoted by encoder readouts 

Encoder 

readouts 
δ𝛼i δ𝛽i δ𝛼(𝑖+1) δ𝛽(𝑖+1) 

𝜃𝑖 δ𝛼i cos 𝜃𝑖 tan 𝜃𝑖+1 δ𝛽i sin 𝜃𝑖 tan 𝜃𝑖+1 δ𝛼(𝑖+1) tan 𝜃𝑖+1 δ𝛽(𝑖+1) 

𝜃𝑖+1 −δ𝛼i sin 𝜃𝑖 δ𝛽i cos 𝜃𝑖 0 0 

 

Table 4: Partial error effects on measuring tip position 

Arm 

length 

errors 
p′p′′⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑   

Intersection 

errors p′p′′⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑   

∆𝑑1 Q01(
∆𝑑1

|𝒗1|
𝒗1)Q01

∗ ∆𝑎1, ∆𝑏1 𝒗∆𝑎1
+ 𝒗∆𝑏1

 

∆𝑑2 Q02(
∆𝑑2

|𝒗2|
𝒗2)Q02

∗ ∆𝑎2, ∆𝑏2 Q01(𝒗∆𝑎2
+ 𝒗∆𝑏2

)Q01
∗ 

∆𝑑3 Q03(
∆𝑑3

|𝒗3|
𝒗3)Q03

∗ ∆𝑎3, ∆𝑏3 Q02(𝒗∆𝑎3
+ 𝒗∆𝑏3

)Q02
∗ 

∆𝑑4 Q04(
∆𝑑4

|𝒗4|
𝒗4)Q04

∗ ∆𝑎4, ∆𝑏4 Q03(𝒗∆𝑎4
+ 𝒗∆𝑏4

)Q03
∗ 

∆𝑑5 Q05(
∆𝑑5

|𝒗5|
𝒗5)Q05

∗ ∆𝑎5, ∆𝑏5 Q04(𝒗∆𝑎5
+ 𝒗∆𝑏5

)Q04
∗ 

∆𝑑6 Q06(
∆𝑑6

|𝒗6|
𝒗6)Q06

∗ ∆𝑎6, ∆𝑏6 Q05(𝒗∆𝑎6
+ 𝒗∆𝑏6

)Q05
∗ 

∆𝑑7 Q06(
∆𝑑7

|𝒗7|
𝒗7)Q06

∗ ∆𝑎7, ∆𝑏7 Q06(𝒗∆𝑎7
+ 𝒗∆𝑏7

)Q06
∗ 

 

 

4 Discussions and conclusions 
 

Denavit-Hartenberg parametric method (D-H method) as a common way of 

describing the measuring equations and error models of flexible CMMs has been 

widely used. However, to obtain the measurement model, it is necessary to 

define six or more coordinate systems, involving complex coordinate system 

transformations. Quaternions adopted in this paper can describe rotations in a 

concise way. It only needs to establish a coordinate system for the flexible 

CMM system, the measurement model is thus easy to obtain through 

composition of the rotations of vector components, with each parameter having 

clear physical meaning. 

With regard to the error analysis, the flexible CMM system used in this 

paper contains 39 sources, including rotation angle errors, arm length errors, 

nonperpendicularity and intersection errors, whilst additional effects due to 

gravity deformation, temperature and other environment impacts are not 

considered. The D-H method directly added each error’s influence to relevant 

matrix, and all the results were presented in the position change of the final 

measuring tip. In this paper, we have analyzed causes of each error, and their 
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effects can be easily obtained by relevant quaternion rotations. It is also easy to 

determine each error source’s contribution to the total measurement error. 

Further, for rotation angle error and nonperpendicularity, their effects may be 

directly denoted by encoders’ readout errors, which can be convenient for the 

subsequent compensation. The rest of the error sources may be represented by 

final coordinate transformation.  

It can be concluded that quaternion method adopted in this paper has a 

clearer physical meaning, with each error effect clearly presented. As a 

quaternion has fewer elements than matrix presentation, it would speed up the 

calculation process and also simplify the modelling process. 
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