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Abstract
The geometric errors associated with a CMM are usually described by the 21
parameter kinematic error model. Estimates of these kinematic errors can be
determined by measuring a calibrated artefact such as a hole or ball plate in a
number of positions in the CMM working volume and then matching the
kinematic errors to the measured changes in artefact geometry. This paper
describes a similar approach but using a local, simplified kinematic error model
specific to the measurement task in hand. The kinematic model is local in the
sense that it only applies to the particular region of the CMM working volume
used for the measurement task and the contact probes being used and also in the
sense that the model only applies during the limited time period it takes to
perform the measurement task. The benefits of this approach are that medium
term systematic effects associated with the CMM due to thermal effects, for
instance, can be compensated for without the need to perform a full parametric
error compensation exercise. The paper will also describe how uncertainties
associated with the artefact being measured and the local kinematic errors can be
evaluated.

1 Introduction
Coordinate Measuring Machines (CMMs) are widely used to inspect various
manufactured components and there have been increasing requirements for
higher measurement precision and accuracy. Consequently, the CMMs need to
be more precise and accurate to meet the increasing demand. The last three
decades have seen many important developments in the CMM technologies, in
both hardware (including probes) and software. In particular, CMM geometric
error compensation has been established since 1980s as a fundamental approach
to increase CMM measurement accuracy and has become widely available to the
CMM users through the built-in error mapping functions in the CMM software.
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CMM geometric errors are basically due to imperfections of the CMM structural
loop or kinematic chain from the probe tip through the guideways to the
measured object. They are usually modeled by a kinematic error model,
although an empirical model may also be used [1]. As the CMM behavior in
terms of measurement errors and measurement uncertainty is directly
determined by the kinematic chain and described by the kinematic model, it is
paramount that the estimation of the model parameters can be performed in a
cost-effective manner. The effective evaluation generally requires a well
behaved model in terms of residual errors and its predictability [4]. The model
should accurately (with small uncertainties) predict the systematic error
behavior of the CMM in the whole working volume or at least where the actual
measurements are taken. The cost-effective evaluation also means the model
may be developed in short time and with low cost and effort.

Many techniques have been reported for the evaluation of CMM geometric
errors, e.g. [2-3] (see [4-6] for detailed review), and they can be broadly
classified as direct methods and indirect methods. The former allows the
calculation of individual error components or parametric errors, usually using
special instruments, e.g. laser interferometers. The latter involves the
superimposed errors (or volumetric errors) and generally requires the separation
of individual error components, usually based on the measurements of reference
artefacts (e.g. 2D ball plates). The direct methods, whilst usually effective,
require significant amount of skill, effort and resources (time and equipment),
indirect methods have thus been widely used as alternative since they can be
highly economical, especially for reverification tests and interim tests. Use of
many reference artefacts has been reported with a varying degree of cost-
effectiveness, e.g. [7-11].

A desirable approach and the trend have been to use the indirect methods (i.e.
using reference artefacts) to achieve cost-effective evaluation of CMM
geometric errors. This approach potentially offers many benefits, e.g. easy to
incorporate probe errors, evaluation similar to the actual measurement task,
hence good for task related calibration. It may be regarded as a shift of the
complexity from hardware to computing or software.

The PTB method reported by Kunzmann et al [7] is an excellent example of
such an approach. This paper proposes a similar approach, but it goes even
further in this direction as detailed in the next section. This may be justified
with the ever increasing computing power.

2 Proposed approach based on local kinematic error
model

The geometric errors associated with a CMM are usually described by the 21
parameter kinematic error model which consists of three positional and three
rotational error functions for each of the three axes, along with three squareness
errors. Using an indirect method, estimates of these kinematic errors can be
determined by measuring a calibrated artefact such as a hole or ball plate in a
number of positions in the CMM working volume and then matching the
kinematic errors to the measured changes in artefact geometry.



Laser Metrology and Machine Performance X

Whilst the PTB method [7] has established a uniform approach to CMM
calibration, acceptance test and reverification test, it still requires precise
experimental procedure and needs a high density of datum points in the CMM
working volume, which usually requires full calibration and long term stability
of the reference artefacts [4]. Much time and effort are still required.

The approach proposed by this paper is similar but it employs a local,
simplified kinematic error model specific to the measurement task in hand. The
kinematic model is local in the sense that it only applies to the particular region
of the CMM working volume used for the measurement task and the contact
probes being used and also in the sense that the model only applies during the
limited time period it takes to perform the measurement task.

The benefits of this approach are that medium term systematic effects
associated with the CMM due to thermal effects, for instance, can be
compensated for without the need to perform a full parametric error
compensation exercise. It only requires a low density of datum points in the
whole of CMM working volume, but has sufficient density in the region that
matters to determine local kinematic models. It is also possible to continually
update the local kinematic models.

Figure 1 depicts the schematic of the proposed approach. Some examples of
local evaluation tasks are shown and they may be performed through a physical
CMM or simulation, in the latter case, the simulation should be based on the
physical CMM to be used, e.g. measuring range and measurement repeatability,
etc. The probe qualifications can also be simulated. Whilst 2D ball plates are

Figure 1: Schematic of the local kinematic error model measurement
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shown in the schematic, other reference artefacts (e.g. hole plates) may also be
used. The calibration information, partial or full, of the reference artefact is also
required. The local kinematic model is based upon an axis-upon-axis build-up
of the physical CMM concerned.

Once the measurement data are obtained, either through physical CMM or
simulation, a best fit algorithm based on Gauss-Newton method can be used to
estimate the model parameters and additional related parameters (including the
artefact parameters). The local kinematic model will subsequently be used to
calculate and compensate for the systematic CMM errors. Based on the law of
propagation of uncertainty, the model can also be used to evaluate the
uncertainties associated with the fitted parameters (both the kinematic model
and artefact parameters) and the CMM measurements in the region of interest.

Numerical simulation has been used in this paper to investigate the behavior
and performance of the local kinematic models, with the procedure and
preliminary results presented in the next section.

3 Numerical simulation procedure and results
The numerical simulations (in Matlab) are based upon the measurements of a 2D
ball plate in several locations (positions and orientations) in the working volume
of a CMM, including the qualifications of the probes. The simulated CMM is a
moving bridge type and has a working volume of 1.00 × 1.00 ×1.00 (one cubic
metre). To allow possible comparison with real CMM measurements, a
measurement repeatability of 0.5 µm is used in the simulation, which is close to
the repeatability of the physical CMM at Brunel University.

Figure 2 shows the first 2D ball plate used, a 5 × 5 ball plate with extra balls
along the middle axes, with a total of 49 balls and a dimension of 0.40 × 0.40.
Other simpler ball plate designs (standard 5 × 5 and 3×3) were also investigated.

Figure 2: 2D reference ball plate
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Figure 3: Three locations of the ball plate

The ball plate needs to be measured in one local region of the CMM
measuring volume where the actual measurements will be taken. There are a
number of suitable measurement strategies, e.g. using one or some of the three
locations shown in Figure 3. Location 0 is horizontal at z=0.5 m, with the balls
shown as circles; Location 1 is vertical, the balls shown as stars; Location 2 is
also vertical, the balls shown as crosses.

The probe qualification measurements are also used in the evaluation, with
six probe offsets shown in Figure 4. Offsets 1 and 2 are used in Location 0
measurements, other offsets may be used in the measurements for Locations 1
and 2.

Figure 4: Six probe offsets

As the physical CMM is a moving bridge type (FXYZ), the actual position of
the probe tip relative to the workpiece may be written as:
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where xx, xy, xz are the positions along x, y and z axis, respectively, and they
include the scale errors and also straightness errors. The orientations of x, y and
z axes are described by rotational matrices Rx, Ry and Rz, respectively, including
the rotational errors, pitch, roll and yaw. The model could encompass up to 21
parametric errors (three translational and three rotational errors, plus three
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squareness errors), but may be simplified to just include 18 translational and
rotational error components. Each of these error components is modeled with a
Chebyshev polynomial. In order to achieve required numerical stability for the
local evaluations (with low density of datum points), it is necessary to simplify
the model with very low order of the polynomial (e.g. 2 or even 1).

For each local evaluation, the measurement data are simulated first, with an
added repeatability error of 0.5 µm. The following three tasks are then
performed:

1) Calculation of model parameters
A Gauss-Newton method is applied to each set of measurement data to
calculate the model parameters. The possible rank-deficiency problem may
be solved with a QR approach. The model parameters can then be passed to
and updated by another local evaluation.

2) Error calculations and simulation
The identified kinematic model can then be used to predict the systematic
errors in the evaluated region of the CMM measuring volume, based upon
the nominal measurement results. This has been tested with the simulated
parametric errors. In Figures 5a, a positioning error of 10 µm is introduced
in the x-axis for the local evaluation using Location 1, the nominal centres of
the ball shown as stars, the simulated centres (with positioning errors) as
circles and the centres predicted by the local kinematic model as crosses,
with all the errors magnified by 2000. Similarly Figure 5b shows a yaw error
of 5 arcseconds of Z-axis with the same magnification of 2000. Both plots
have indicated the good predictions of the local kinematic model using
Location 2. Other parametric error components and different local
evaluations can be similarly tested.

Figure 5a: Simulation of positioning errors along X axis
and their prediction with local kinematic model
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Figure 5b: Simulation of Z-axis yaw errors and
their prediction with local kinematic model

3) Uncertainty calculation
Based on the Jacobian matrices generated in the identification of model
parameters, the uncertainties associated with the model parameters and
artifact parameters can be calculated and further propagated to determine the
uncertainties associated with the CMM measurements in the working volume.

Table 1: the average uncertainties for Locations 1 & 2 (unit: µm)
Location 1 Location 2

ux uy uz ux uy uz

U1 0.2900 0.2513 0.2522 0.2905 0.2608 0.2519

U2 0.4928 0.3532 0.0821 0.5650 0.3679 0.1150

U3 1.0300 0.6485 0.1807 1.1765 0.7355 0.2534

Table 1 shows the average uncertainties associated with the ball centre
coordinates of the ball plate (U1) and the CMM measurements at 200 random
locations in the evaluated region (U2) and also the whole working volume (U3),
based upon the local evaluation at Locations 1 and 2. The uncertainties U1 are
comparable to the repeatability of the CMM. As expected, the average
uncertainties associated with the CMM measurements in the evaluated region
are significantly lower than those in the whole measuring volume. It should be
noted that whilst Locations 1 and 2 can be used individually for local evaluation,
Location 0 alone will lead to the rank deficiency of the Jacobian matrix and
numerical instability.

Table 2 shows the effects of a higher density of datum points on the
measurement uncertainties. As expected, two combined locations results in all
the average uncertainties U1, U2 and U3 smaller than the individual evaluation;
the combined three local evaluations can further reduce the uncertainties U1, U2

and U3.

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

X (m)

Z axis yaw errors (magnified 2000 times)

Y
(m

)



Laser Metrology and Machine Performance X

Table 2: the average uncertainties for combined locations (unit: µm)

Locations 0 & 1 Locations 0, 1 & 2
ux uy uz ux uy uz

U1 0.2326 0.2071 0.2022 0.1677 0.1575 0.1546

U2 0.3660 0.1833 0.1442 0.1044 0.0571 0.0444

U3 0.3751 0.1870 0.1582 0.2330 0.1221 0.0921

Another measurement strategy based on the one recommended in [1] has also
been tested, i.e. measuring the ball plate in three positions, the first one placed
inclined at the approximately same angle with the three axes, the second
representing a rotation of the plate from its initial position by 90o about normal
to the plate centre so the grid points are mapped on to the same points in space,
and the third one is a translation of the ball plate from the first position by one
grid unit along x axis. The average uncertainty results using this measurement
strategy are given in Table 3. They are slightly higher than those associated
with the evaluation using the three combined locations (Locations 0, 1 and 2),
but lower than those using the two combined locations (Locations 0 and 1).

Table 3: the average uncertainties for a special measurement strategy (unit: µm)
ux uy uz

U1 0.1697 0.1733 0.1618

U2 0.1238 0.0995 0.0519

U3 0.2809 0.1867 0.1082

The effects of different ball plate sizes on the average uncertainties U1, U2 and
U3 are shown in Table 4 for Location 1. It is interesting to note that as the size of
the ball plate reduces, the average uncertainties associated with the
measurements in the evaluated region or the whole measuring volume generally
increase, but the uncertainties associated with the plate parameters become
somewhat smaller. More importantly, the results have shown that the proposed
local kinematic model approach may be implemented with reference artefacts
with different sizes.

Different designs of ball plates (e.g. 5×5 and 3×3) with different plate sizes
have been further tested, and similar results were obtained.

Table 4: the average uncertainties for different ball plate sizes (unit: µm)
0.8×0.8×0.8 0.4×0.4×0.4 0.2×0.2×0.2

ux uy uz ux uy uz ux uy uz

U1 0.3378 0.2511 0.2764 0.2900 0.2513 0.2522 0.2733 0.2520 0.2447

U2 0.2438 0.1911 0.0364 0.4928 0.3532 0.0821 0.5075 0.3239 0.0864

U3 0.4965 0.3528 0.0810 1.0300 0.6485 0.1807 2.1158 1.3692 0.3917
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4 Discussions
The above numerical simulation results have indicated that the error
compensation and uncertainty evaluation using local kinematic error models is
indeed a feasible approach. With sufficient number of measurements in a local
region using a 2D ball plate, the model parameters including the ball plate
parameters can be accurately determined. Further, CMM systematic errors in
the evaluated region can be mapped and the uncertainties associated with the
ball plate and CMM measurements in the evaluated region or the whole
measuring volume can be calculated.

As expected, the higher density of datum points used in evaluation does
result in smaller uncertainties. It may also expand the measurement region
where the local kinematic model be effectively applied.

The results have also shown that the effects of different ball plate sizes on the
uncertainty evaluation are quite small, similar to the results reported in [1].
Further, different ball plate designs can also be used with similar performance.
This approach is thus very flexible, and can establish a uniform approach to
different requirements and applications.

They also indicate that the uncertainties associated with the ball plate and the
CMM measurements in the region evaluated are independent of the previous
evaluated locations, i.e. they are only dependent on the current location(s) of the
evaluation.

Additional measurement strategies and other different types of reference
artefacts (e.g. hole plates) will be further studied with particular consideration of
numerical stability [12-13]. Modeling of thermal errors will also be investigated
due to their importance [14].

5 Conclusions
A method for CMM error compensation and uncertainty evaluation using
artefacts and local kinematic error models has been presented and discussed.
The following conclusions can be drawn from the above discussions:

1) The numerical simulation results have shown the proposed method
allows a relatively small number of measurements to be used to
determine the parameters of the local kinematic models, CMM
systematic errors and uncertainties associated with both CMM
measurements and the artefact.

2) Suitable measurement strategies may be used to achieve a cost-
effective evaluation of CMM geometrical errors.

3) The proposed approach has good flexibility in terms of types of the
artefacts, locations of artefacts, density of datum points in the
evaluation and possible inclusion of probe errors and thermal errors,
thus offering many potential benefits in CMM performance evaluation
and enhancement.

Further verifications and experimental validations will be conducted and
reported.
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