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Abstract 
 
We propose the use of both the sinusoidal phase modulation (SPM) and the 
sinusoidal frequency modulation (SFM) methods to a laser diode (LD) for 
stabilizing its frequency to an I2 hyperfine component near 633 nm, and for 
measuring accurately the displacement of the target mirror of both a modified 
Mach-Zehnder interferometer with the SPM and an unbalanced Michelson 
interferometer with the SFM. In the SPM, the phase of the LD’s beam is 
modulated using an electro-optic modulator (EOM). In the SFM, the frequency 
modulation of the LD’s beam is produced by the injection current modulation to 
the LD. The frequency of the laser is then stabilized to the b21 hyperfine 
component of P(33) 6-3 of 127I2 using the null method. The relative frequency 
stability of 10-10~10-11 order can be obtained for 100 s sampling time. The phase 
modulated (or the frequency modulated) beam from the frequency-stabilized LD 
is then used as a source for the Mach-Zehnder or the unbalanced Michelson 
interferometer. The displacement can be determined by the use of the Lissajous 
diagram based on the two consecutive modulation harmonics in the interference 
signals. In the paper, we show the experimental systems and results, and discuss 
the future improvements. 
 
1 Introduction 
 
Sinusoidal phase/frequency modulations (SPM/SFM) are efficient methods for 
displacement measuring interferometers [1,2]. Recently, Madden et.al [3] 
applied the SFM method to a normal laser diode (LD) for measuring 
displacements in both a Michelson interferometer and a grating interferometer. 
Vu et.al. [4] applied also the SFM method to an external cavity laser diode 
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(ECLD) for both locking the ECLD’s center frequency to an I2 hyperfine 
component near 633 nm, and for measuring a displacement in an unbalance 
Michelson interferometer. In the above papers [3,4], the frequency of the 
normal LD or ECLD was modulated by an injection current and the 
displacement was determined by the Lissjaous diagram [5], which is drawn by 
the 2nd and 3rd harmonics in the interference signal. In the previous paper [4], 
both the LD frequency stabilization of 10-11 order and nanometer resolution in 
the displacement measurement were achieved by the SFM method. However, 
the accuracy of displacement measurement with the Lissajous diagram is 
strongly related to the value of modulation index (m) that appeared in Bessel 
functions (see section 2). In the SFM, the modulation index is a linear function 
of an unbalance optical length (nL: n is a refractive index of air and L is an 
unbalance length). During a displacement measurement with the SFM, it is 
required to determine the modulation index with real-time. On the contrary, a 
sinusoidal phase modulation, an electro-optic modulator (EOM) is used to 
modulate the phase of a laser beam and it is possible to measure the 
displacement in the modified Michelson interferometer [6] and Fabry-Perot 
interferometer [7]. In the SPM, the modulation index in the interferometers can 
be fixed by locking the applied voltage to the EOM. In this paper, we present 
the ECLD frequency locking to an I2 hyperfine component near 633 nm using 
the SPM method. And we show a displacement measuring Mach-Zehnder 
interferometer based on the SPM method. The displacement can be also 
determined from the Lissjaous diagram, which is drawn by the 1st and 2nd 
harmonics of the interference signal. We also compare the performances 
between the SPM and the SFM methods, to achieve the frequency stabilization 
of the ECLDs and the displacement measurement. 
 
2 Principle 
 
2.1  Sinusoidal phase modulated Mach-Zehnder interferometer 
 
Fig. 1 shows the schematic diagram of a frequency stabilization system (see 
section 3.1) and a Mach-Zehnder interferometer using the SPM method.  In the 
system, an EOM is used to modulate the phase of a laser beam. The laser beam 
is divided into a measurement beam with no modulation and a reference beam 
modulated by the EOM with a sinusoidal modulation signal sinωmt with a 
modulation index m. A polarizer is used to correct the polarization plane of the 
beam before the EOM, since it can reduce the effect of a residual amplitude 
modulation. The interference signal is detected using an avalanche photo 
detector 2 (APD2). In the modified Mach-Zehnder interferometer, the 
modulation index is constant, independent on the change of the unbalance length 
(L). The modified Mach-Zehnder interferometer can eliminate the interpolation 
error caused by the polarization mixing [8,9]. The phases ( rφ , φm ) of the 
reference and the measurement beams are presented by next equations, 
     0 sinr m ot m tφ ω ω φ= + +             (1),                                                                                   
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     ( )0 0m o ot tφ ω τ φ ω φ φ= − + = − +           (2),  
where ωm, m, ω0, ϕ0, φ = ω0τ are an angular modulation frequency, an EOM 
modulation index, an angular carrier frequency of the ECLD, an initial phase of 
laser source and a phase shift due to the movable mirror displacement, 
respectively. The time delay τ between two beams is represented as, 
     ( )0 02 /n L L cτ ω= +Δ              (3), 
where n, L0, ΔL (L = L0 + ΔL), c are a refractive index, an initial unbalance 
length, a displacement (L = L0 + ΔL) and the speed of light in vacuum. 
 

 
Figure 1. The frequency stabilization system and Mach-Zehnder interferometer 
based on the SPM method. ECLD: external cavity laser diode, FI: Faraday 
isolator, PP: prism pair, EOM: electro-optic modulator, PBS: polarizing beam 
splitter, BS: beam splitter, QWP: quarter-wave plate, APD: avalanche photo 
detector, FG: function generator, TEC: thermal electric cooler, PID: 
proportional–integral–derivative controller, ADC: analogue-to digital converter. 

 
The interference signal detected by APD2 is calculated by, 
     ( )2 2

0 0 0 02 cos sinr m r m mI E E E E m tφ ω= + + +               (4), 
where E0r and E0m are the electrical field amplitude of reference and 
measurement beams, respectively. Eq. (4) can expanded as following 

     ( )2 2
0 0 0 0 0 0 2

1
2 cos 4 cos ( )cos(2 )r m r m r m k m

k
I E E E E E E J m k tφ φ ω

∞

=

= + + + ∑  

                    ( )0 0 2 1
1

4 sin ( )sin (2 1)r m k m
k

E E J m k tφ ω
∞

−
=

− −∑  (5), 

where Jk(m) is the k-th order of the Bessel function, k is an integer. The 
modulation index m in Eqs. (1), (4), (5) is calculated by next equation, 
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     EOMVm
Vπ

π=            (6),  

where EOMV and Vπ are an applied voltage and the π-voltage of the EOM. 
Since the optical phase ϕ shown in Eq. (2) includes an integer number of 2π rad, 
and the displacement ΔL shown in Eq. (3) is in the rage 0< ΔL < λ0/2, where λ0 
is the center wavelength of laser beam. The phase φ is calculated by 

     0
0 0

4 4nL n L
φ ω τ π π

λ λ
Δ

= = ≡              (7), 

From Eq. (5) the odd (2k-1) and even (2k) harmonics can be obtained by lock-
in amplifiers (= mixers + low-pass-filters) and be expressed by, 
     ( ) ( )2 1 0 0 2 12 sink r m kI E E J m φ− −= −             (8),   

     ( ) ( )2 0 0 22 cosk r m kI E E J m φ=             (9),                                                                                                   
The phase can be calculated by 

     ( )
( )

2 2 1

2 1 2

arctan k k

k k

J m I
J m I

φ −

−

⎛ ⎞
= −⎜ ⎟⎜ ⎟

⎝ ⎠
                                     (10). 

The relationship between the phase and the displacement ΔL is given as, 

     0

4
L

n
λ

φ
π

Δ =          (11). 

The displacement (ΔL) can be determined using any other consecutive pairs of 
harmonics (2k-1, 2k). In the method, the modulation index of the EOM can be 
fixed and the polarization mixing error can be eliminated. 
 
2.2  Sinusoidal frequency modulated Michelson interferometer 
 
A sinusoidal frequency modulation is the effective method for both achieving a 
frequency stabilized LD and a displacement measuring unbalanced Michelson 
interferometer [4]. The system is shown in Fig. 2. The SFM Michelson 
interference signal can be derived as [4], 

     ( ) ( ) ( )2 2
0 0 0 0 0 2

1
2 cos 2 cos 2 2r m r m k m

k
I E E E E J m J m k f tφ π

∞

=

⎡ ⎧ ⎫
= + + +⎨ ⎬⎢

⎩ ⎭⎣
∑  

 ( ) ( )2 1
1

sin 2 sin 2 1 2k m
k
J m k f tφ π

∞

−
=

⎤⎧ ⎫
− −⎨ ⎬⎥

⎩ ⎭⎦
∑             (12),                              

where  

     42 fnLm f
c

π
π τ

Δ
= Δ =          (13),                                      

     0
0 0

2 4 4nL n Lfφ π τ π π
λ λ

Δ
= = ≡            (14). 
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Figure 2. The frequency stabilization system and the unbalanced Michelson 
interferometer based on the SFM method. ECLD: external cavity laser diode, IS: 
isolator, EOM: electro-optic modulator, PBS: polarizing beam splitter, BS: beam 
splitter, QWP: quarter-wave plate, APD: avalanche photo detector, FG: function 
generator, LIA: lock-in amplifier, PZT: piezoelectric drive, DAQ: data 
acquisition, TEC: thermal electric cooler, PID: proportional–integral–
derivative controller. This figure is from ref. [4]. 

 
The phase is determined with the 2nd and 3rd harmonics (I2, I3) using [4], 

     ( )
( )

2 3

3 2

arctan
J m I
J m I

φ
⎛ ⎞

= −⎜ ⎟⎜ ⎟
⎝ ⎠

          (15).                                                                                                 

From Eq. (15), to detect the exact phase of the interference signal, the value of 
the modulation index m must be known. However, from Eq. (13), the 
modulation index is a linear function of L. In order to achieve the accurate 
displacement measurement for any optical path difference L, the modulation 
index m must be determined in real-time. In the previous paper [4], both the LD 
frequency stabilization of 10-11 order and nanometer resolution in the 
displacement measurements for L0 = 4~10m were achieved by the SFM method. 

 
3 Experimental result 
 
3.1  Frequency stabilization of LD to I2 saturated absorption line near 
633nm using SPM. 
 
The I2 saturated absorption is recommended to be used as the frequency 
reference for laser diode at 633 nm [10].  Fig. 3 shows the frequency stabilized 
ECLD to an I2 absorption line using sinusoidal phase modulation and chopping 
methods [11]. In Fig. 3, I2 frequency stabilized He-Ne laser is used to evaluate 
the frequency stability of the ECLD. 
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Figure 3. Schematic diagram of the I2 frequency stabilized laser diode. ECLD: 
external cavity laser diode, FI: Faraday isolator, EOM: electro-optic modulator, 
PBS: polarizing beam splitter, BS: beam splitter, QWP: quarter-wave plate, 
APD: avalanche photo detector, FG: function generator, TEC: thermal electric 
cooler, PID: proportional–integral–derivative controller 
 
The laser beam from an ECLD (TLM7000, NewFocus) with an optical power of 
2 mW is divided into a probe beam and a pump beam by a PBS with a power 
ratio of 1/10, respectively. The probe beam is modulated by an EOM (PM1000, 
Leysop) with a modulation frequency of 3 MHz and a modulation index of 3.77 
rad. The pump beam passed through a light chopper (5584A, NF corp.) with 3 
kHz chopping frequency. Two beams interact inside an I2 cell. The cell finger’s 
temperature is stabilized at 15oC. To assure the overlapping of the pump and 
probe beams inside the I2 cell, two focus lens and two irises are used. The 
absorption signal is mixed with a reference signal cosωmt by a mixer (MX-130, 
R&K) and then demodulated with the chopping frequency in the lock-in 
amplifier (LI5630, NF corp.) to eliminate the Doppler background [11]. Finally, 
a proportional–integral–derivative (PID) controller is employed to lock the 
ECLD frequency to the I2 hyperfine component by the null method. Before 
frequency stabilization, a triangular signal is used to scan the laser wavelength 
and obtain the I2 hyperfine structure of the P(33) 6-3 transitions of 127I2, as 
shown in Fig.4. The laser frequency is then locked to the component b21 using 
the null method. A modulation-free beam is spitted before the EOM using a BS 
and makes a beat frequency with the I2 frequency stabilized He-Ne laser (NEO-
92SI-NF, Neoark), whose frequency stability is ± 2.5×10-11. Figure 5 shows the 
time variation of the beat note signal between the stabilized ECLD and the 
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stabilized He-Ne laser. Fig. 6 also shows Allan deviation for 3h measurement. 
The frequency stability of the system is confirmed to be 4.3×10-10 for 3h 
measurement. 
 

 
Figure 4: Detected hyperfine structure of the P(33) 6-3 127I2 transition. 

 

 
Figure 5: Beat note between the frequency stabilized ECLD and the I2 frequency 

stabilized He-Ne laser for 3h  
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Figure 6. Allan deviation of the beat note. 

The stability is 4.3×10-10 for 3h 
 

3.2 Displacement measuring Mach-Zehnder interferometer 
 
In order to evaluate the possibility of the displacement measurement for the  
sinusoidal phase modulation Mach-Zehnder interferometer, the system shown in 
Fig. 7 is constructed. In the system, a stabilized He-Ne laser (117A, 
SpectraPhysics: frequency stability of 10-9) is used as a light source instead of 
the ECLD. (ECLD can basically be used in the system.) The EOM (4002, 
Newport) is modulated with a modulation frequency of 3 MHz and a modulation 
index of approximately 2.63 rad. Two mixers (MX-130, R&K) and two low-
pass filters (E-3201B, NF corp,) are employed to determine the 1st and 2nd 
harmonics, respectively, as shown in Fig. 8. Raw and normalized Lissajous 
diagrams are obtained by the method shown in reference [4] (see Fig. 9). The 
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two harmonics are processed by a AD converter (ADC PCI6251, NI corp) with a 
sampling rate of 4 MS/s and the displacement is determined with the Labview 
program. 

 
Figure 7. The sinusoidal phase modulated Mach-Zehnder interferometer. FI: 
Faraday isolator, EOM: electro-optic modulator, PL: polarizer, PBS: polarizing 
beam splitter, QWP: quarter-wave plate, PD: photo detector, FG: function 
generator, LPF: low-pass filter, ADC: analogue-to-digital converter 
 

 
Figure 8. The 1st and 2nd harmonics. CS: capacitive sensor 

 

 
Figure 9. Raw (a) and Normalized (b) Lissajous diagrams 
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The measured displacement is shown in Fig. 10, and is compared with a 
measurement of the internal capacitive sensor (5 nm resolution) of the PZT stage 
(PI Instrument) that drives the movable mirror. The difference between two 
measurements is approximately 40 nm. 

 
Figure 10. Determined displacement using modified Mach-Zehnder 

interferometer, comparing with the internal capacitive sensor. 
 
4. Discussions and conclusion 
 
In the paper, we presented the ECLD frequency locking to an I2 hyperfine 
component near 633 nm using the SPM method. The frequency stabilization of 
10-10 order was achieved. And we showed a displacement measurement Mach-
Zehnder interferometer based on the SPM method.  
 

Table1: Comparison between the SPM and SFM 
 Sinusoidal phase modulation Sinusoidal frequency modulation 
Modulation 
source Electro-optic modulation Injection current modulation 

Laser source Modulation-free, small linewidth Laser source is modulated, 
linewidth is expanded 

Interferometer One arm modulated Mach-
Zehnder interferometer 

Two arms modulated Michelson 
interferometer 

Modulation 
index m 

EOMVm
Vπ

π=  

- Constant modulation index 
- m can be controlled by an 
applied voltage to the EOM 

42 fnLm f
c

π
π τ

Δ
= Δ =

 
- m depends on an unbalance 
length L and it is required to 
measure m by real-time. 

Frequency 
stability 10-10 order for 100s 10-11 order for 100s 

Displacement 
measurement 

Compared with an internal 
capacitive sensor (PI Instrument, 
5 nm resolution). The difference 
is ≈ 40 nm 

Compared with an external 
capacitive sensor (Microsense, 1 
nm resolution). The difference is 
≈ 20 nm 
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The displacement difference between the proposed method and the capacitive 
sensor (resolution ~ 5nm) was around several 10 nm. In this paper, we 
compared the usages and performances between the SPM and the SFM 
methods, to achieve the frequency stabilization of the ECLDs and the 
displacement measurement. 
Table 1 shows the comparison between the SPM method shown in this paper 
and the SFM method shown in the previous paper [4]. In the near future, we 
would like to improve the SPM/SFM methods in the following items. 
1) The resolution improvement to picometer order for the displacement 

measurement using the direct phase determination [13]. 
2) The frequency stability of 10-11 order or less using I2 saturated absorption. 
3) The use of a DBR-LD or a DFB-LD instead of the ECLD. 
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