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Abstract

A kinematic clamp uses three-vee or tetrahedron-vee-flat and spherical ball contacts to achieve six constraints. In this paper, we
designed 3-D kinematic clamps using three pairs of vee grooves and spherical ball contact on three different orthogonal surfaces.
Constraint analysis has been carried out using screw algebra. A wrench is defined along the constraint line between the contacting
surfaces. Three pairs of spherical ball and vee groove are defined in different directions, and constraint analysis is performed.
Prototypes for different configurations are fabricated using 3d printing. The developed methodology will be further used to design
3-D kinematic clamps for the precise positioning of components. Three pairs of spherical ball and vee groove may lie on any arbitrary

surface, and any orientation and constraint analysis can be performed using screw algebra.

3D kinematic clamp, vee groove with the ball, screw theory precision, positioning

1. Introduction

In 1876, James Clerk Maxwell explained the three vee grove
coupling for definite positioning. Kinematic coupling is generally
used in manufacturing, fixturing and material handling for high
repeatability and accuracy [1]. It is a very cost-effective and
reliable method to attain the desired requirement [5]. A well-
designed kinematic coupling will have the exact same no of the
contact point. Generally, kinematic clamps have two
configurations — a) tetrahedron-vee-flat and b) three-vee
grooves and spherical ball contacts [2]. Six contacts between the
sphere and flat surfaces provide six constraints, and thus the
kinematic design provides an exactly constrained design [3]. The
kinematic coupling thus formed is deterministic and repeatable,
which reduces the cost to manufacture and predicts the
performance [8].

In this paper also, kinematic clamps are designed by using
three vee grooves but located on different planes and spherical
balls. Therefore, they are referred to as 3-D kinematic clamps.
Various arrangements of vee grooves — a) Vee grooves along the
edges of a cube, b) Vee grooves on orthogonal planes of a cube
and parallel to the axes, c) Vee grooves on the face diagonals of
a cube (y-configuration), d) Vee grooves on the face diagonals of
a cube (delta-configuration) [2] are studied and analysed. Screw
theory is used for the constraint analysis of mechanisms [9].
Constraint lines are defined at the point of contact and are
normal to the surface [8]. Wrenches of the constraint line are
written[10], and constraint analysis is performed

2. Freedom and constraint of a rigid body

A rigid body has a total of six degrees of freedom (DOF) in the
space, three translational and three rotational motions along its
orthogonal axes. A mechanical connection or a contact between
the two rigid bodies reduces the DOF and therefore applies a
constraint on a rigid body. A constraint line is defined along the
direction of the constraint applied [6].

In screw theory, DOF is represented by a twist and a constraint
is represented by a wrench [9]. A twist T consists of two vectors
representing an angular velocity Q and a linear velocity V, i.e.,
T= (Q|V). A wrench W consists of two vectors representing a
force F and a couple (moment) M acting on a rigid body, i.e.,
W = (F|M). For a rigid body free in space, the six DOFs are
represented by the principal twists as

Tre=(100]000)

T‘Ry=(010|000)

Tr,=(001]000) (1)

Try=(000]100)

T‘Ty=(000|010)

Tr,=(000]001)

Where Tgy, Try, and T, are the rotations along xyz — axes, and
Trx T’Ty, and Tp, are the translations along xyz — axes,
respectively.

2.1. Constraint analysis of a ball in a vee groove

(a)

Figure 1. Ball in a vee groove: (a) Representation of constraints in xy-
plane, (b) 3-D representation of constraints applied

If a ball is placed in a vee groove with an angle 6, it makes two-
point contact with the surfaces of the vee groove, as shown in
Fig. 1. It applies two constraints along with w; and w; and
therefore reduces the two DOFs. The constraints are
represented by two wrenches w; and w5 along the constraint
lines as follows
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12 (cosg sin% 0| 0 00) (2)
w, = (-cosg sing 0| 000)

The general motion of a rigid body is represented by a general
twist T as

T=(QxﬂyQZ|VxVsz) (3)

When a constraint is applied to a rigid body, the motion
possible (instantaneous) is only along the perpendicular
direction to the constraint line. Therefore, using the reciprocity
condition of the screws, we can write

ToW=F-V+M-Q=0 (4)

Applying the reciprocity condition, we get V, =V, = 0, and
therefore the general twist for the given case is

T=(0,0,0,]00V)

It can be further written as four independent twists as

T,=0000]001)

T,=(100]000) (5)

T3=(010]000)

T,=(001]000)

Above constraint pattern analysis states that two translational
motions are constrained, but the body is free to translate in the
z-direction and rotate about all three orthogonal axes. The same
can be obtained through inspection as well.

2.2. Constraint analysis of 3-D kinematic clamp

Figure 2. A physical arrangement of the body is constrained by the
three pairs of spherical balls and vee groove at an angle a, B, Y.

In 3-D kinematic clamps, vee grooves are made on three
orthogonal surfaces. Origin O of the global Cartesian coordinate
system is taken as the vertex of the cube, and X, Y, Z - axes are
along the edge of the cube (Fig. 2). P1, P2, P3 are the centre of
the three spherical balls with respect to the Origin O. A local
Cartesian coordinate system is considered at the centre of each
sphere having the z-axis along the vee groove. The y-axis is
coincident with the line passing through the centre of the sphere
and the apex of the vee groove. q, B, Y is the projected angles
between the z-axis and the X, Y, Z-axis on the plane XY, YZ and
XZ, respectively. (Fig. 2.). Assumptions point P1, P2, P3 lie on the
plane XZ, YZ, XY, respectively.

Three pairs of the ball and vee groove provide six constraints,
which are represented as wrenches W

W = [Ad]w (6)

Here, W and W are the wrenches before and after the
transformation.[Ad] is 6 X 6 matrix given by [11]

[Ad]=[R 0]

DR R )

Where [R] is the 3x3 rotation matrix and [D] is the skew-
symmetric matrix defined by translational vector d= (dydyd;)

[Rl=[xYZ],[D] = [ dy 0 —dx]
Wrenches for the general case are given as:
I/I/1 =(—c@.cy —sO c@.sy|s@ —c@.sy—c@.cy —s@)
I/IA/2 =(c@.cy —s® —cD.sy|s® c@.sy+cP.cy —sd)
Wy =(=s@ c@.sp —c@.cB|—cP.cf—c@.sp —s® sP)
W, =(—s@ —c@.sB c@.cB|ch.cB+c@.sB —sP sO) (8)
Ws = (c@.sa —cP.ca —s@|—s@ s® —c@.sa—cd.ca)
W= (—c@.sa c@.ca —s@|—s@ s@ c@.sa+ cd.ca)

Here, c@ = cosg, sQ = sin%

6 is the angle of the vee groove
ca =cosa, sa=sina, ¢cf =cospB, sf =sinf, cy =cosy,
sy =siny.
The constraint space matrix is written as

M = [Wr, Wo, Wa, Wy, W5, We] (9)

Figure 3. A physical arrangement of the body is constrained by the
three pairs of spherical balls and vee groove along the edges of a cube

In this case, vee grooves are placed along the orthogonal
edges of the cube that passes through Origin. i.e., the z-axis
coincides with the X, Y, Z-axis, respectively. a = =Y =0°and 8
=90° as shown in Fig. 3.

Wrenches for case 1 are

W, =(0-10]00-1)

W,=(00-1/010)

W;=(-100]0-10) (10)

W,=(0-10]100)

Ws=(00-1]-100)

Wye=(-100/001)

[1w is a full rank matrix.

For a general twist T Eqn. 4 is satisfied only when all the
components of the twist are zero, i.e.,

Dy =0y =0,=Vy =V, =V, =0

It shows that the arrangement of the three vee grooves along
the cube's edges is an exactly constrained design.

2.2.2 Case 2. Vee grooves on orthogonal planes of a cube and

parallel to the axes

In this case, vee grooves are placed on orthogonal planes XY,
YZ, XZ, and parallel to the X, Y, Z-axis respectively and pass
through the middle of the face, i.e., the z-axis is parallel to the X,
Y, Z-axis. a =B =Y =0°and 8 = 90° as shown in Fig. 4.



Wrenches for case 2 are given by
~ -1 -1 1 -1 -1
w-(3 30053 9

zellTEw
=550 % % 7)
=% 1553 1y
m=(50% 5% %)
=003 5% % %)
"e=(0% 3 5% %)

The rank of constraint space matrix [],, is six.
Eq. 4 is satisfied when all the components of the twist T are zero,
e, Dy =0y =0, =Vy=Vy=V;=0

It shows that the given arrangement is a completely
constrained design.

Figure 4. A physical arrangement of the body constrained by the three
pairs of spherical balls and vee groove on the surfaces of a cube

2.2.3 Case 3. Vee grooves on the face diagonals of a cube (Y-

configuration)

In this case, all vee grooves are aligned with the face diagonals
of the orthogonal plane passing through the Origin, i.e., the z-
axis is inclined at an angle 45° with each X, Y, Z axes on planes
XY, YZ, and XZ, respectively.

In special case a = =Y =45°and 8 = 90° as shown in Fig. 5.

Figure 5. A physical arrangement of the body is constrained by the three
pairs of spherical balls and vee groove on the face diagonals of a cube

Wrenches for case 3 are

n=(35%-13)
"=(3531%1%7)
i=(5:30-1%%)
n=(53311%5%) (12)

We= (1221 )

2 2zlv2 V2
The rank of constraint space matrix [, is six.

Eqgn. 4 is satisfied when all the components of the general twist
Tiszero,ie, Qy=0,=0,=Vy =V, =V; =0

It shows that the arrangement provides a completely
constrained design.

2.2.4 Case 4. Vee grooves on the face diagonals of a cube

(delta-configuration)

In this case, all vee grooves are aligned with the second face
diagonals of the orthogonal plane that is perpendicular to the
face diagonal passing through the Origin, i.e., the z-axis is
inclined at an angle -45° with each X, Y, Z axes on planes XY, YZ,
and XZ, respectively.

In special case a = =Y =-45°and 8 = 90° as shown in Fig. 6

Figure 6. A physical arrangement of the body is constrained by the three
pairs of spherical balls and vee groove on the face diagonals of a cube
non intersecting at Origin

Wrenches for case 4 are given by

n=G 7315037

i A

n=(533 1055 (13
"=(%3:0% 3

et
=G5 550

The rank of constraint space matrix [],, is five.
From Eq. 4. wegetVy =V, = V, =0, and
N,=0,=0,=0Q

therefore, the general twist for the given case is
T=0n0|000)

It can be further written as one independent twist as
T,=(111/000)

3. Results and discussion

Based on the above constraint analysis of three pairs of ball
and vee grooves, we have designed 3-D kinematic clamps using
cad software and fabricated them using the 3D printing method.
The top part has three spherical balls which contact three vee
grooves on the bottom part. The bottom part is a section of a
cube that makes the base. A set of three vee grooves are made
on face diagonals (Y and delta), along edges, and on the faces of
the cube as various design cases.



Case 1 has three vee grooves on the edges of the cube, and
they all intersect at the apex. 3D printed prototype of the
kinematic clamp is shown in Fig. 7.

Case 2 has three vee grooves on the face diagonal of the cube,
and they all intersect at the apex. 3D printed prototype of the
kinematic clamp is shown in Fig. 8.

vee along the edge

Figure 7. 3D printed prototype of a 3-D kinematic clamp with balls on
vee along the edges of the cube (Case 1)

orthogonal vee on the
orthogonal planes

Figure 8. 3D printed prototype of a 3-D kinematic clamp with balls on
the orthogonal vee on the orthogonal planes (Case 2)

Case 3 has three vee grooves on the three orthogonal faces of
the cube, and they are orthogonal to each other. 3D printed
prototype of the kinematic clamp is shown in Fig. 9.

vee along the
face diagonal

vee alongthe edge

Figure 9. 3D printed prototype of a 3-D kinematic clamp with balls on
vee grooves along the face diagonals (Case 3)

Case 4 has three vee grooves on the three orthogonal faces of
the cube (delta-configuration), and they do not intersect at the
Origin, which is shown in Fig. 6. it has six contact points, but not
all DOFs are constrained, so this case represents the over
constrain the design.

The kinematic clamps used in the analysis are exactly
constrained and over-constrained, and they can be verified by
inspection also. However, a general case may not be trivial and
requires an analytical method to check if it is exactly over-
constrained. Screw algebra provides an alternate approach to

investigate, using the constraint line approach. Compliant
mechanisms may be analysed similarly using screw algebra.

vee alongthe
face diagonal

vee on orthogonal
surfaces

Figure 10. 3D printed prototype of 3-D kinematic clamps, vee along
the edge, vee along the face diagonal, vee on orthogonal surfaces

4. Conclusion

We used the screw theory to perform constraint pattern analysis
for four different 3-D kinematic clamps using three pairs of vee
grooves and spherical ball contact on three orthogonal surfaces.
Wrenches are obtained along the constraint lines for each case.
The constraint space matrix is full rank for three cases, and
therefore, the designed 3-D kinematic clamps are exactly
constrained. For the fourth case, the constraint space matrix is
not a full rank; hence this case is not exactly constrained.
Prototypes are developed and fabricated using 3d printing.
Screw algebra can be used for constraint analysis, and designs
can be verified for any general case where vee grooves can be
placed on arbitrary surfaces. This approach allows various design
choices in a constrained or desired space.
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