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Abstract
The multi-step method is one of the most classical error separation techniques capable of recovering the spindle error and the
roundness error from the composite probe signals. However, its accuracy decreases due to the harmonic suppression problem (HSP).
Increasing the number of measurements can reduce the suppressed harmonics, but leads to lengthy measurement procedure. For
simplifying the measurement procedure, the two-step method (TSM) was proposed by utilizing the harmonic calculation.
Unfortunately, TSM is also subject to HSP. Hence, the focus of this paper is to reveal the mechanism of HSP in TSM, from the
perspective of propagation of measurement uncertainty. To achieve this aim, first, a Laplace Transform based algorithm for TSM is
proposed. Then, the system model is developed in accordance to the algorithm, and subsequently, the propagation of measurement
uncertainty in TSM is theoretically analysed. Ultimately, Monte Carlo simulations are carried out for verification.
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1. Introduction
Spindles are inevitable and crucial subsystems in almost all
types of machine tools, whose error motion can directly
determine the form error of the machined parts. For constant
improvement of the spindle precision, a prerequisite is to
establish the metrological foundation. However, during the
measurement of the spindle error, the roundness error of the
reference rod is always mixed into the probe signals.
The multi-step method (MSM) is one of the most classical
techniques capable of recovering the spindle error and the
roundness error from the composite probe signals. In MSM, N
measurements are carried out, and before each measurement,
the rod is rotated precisely by an angle of = versus the
spindle [1]. Then, the spindle error can be obtained by averaging
all the probe signals. However, the
harmonics ( =
1, 2, 3 …) of the roundness error remain in the measurement
result of the spindle error [2-3]. This issue is termed the
harmonic suppression problem (HSP). Increasing the number of
the measurements could reduce the suppressed harmonics, but
leads to lengthy measurement procedure.
To shorten the procedure of MSM, enormous amount of
research effort has been paid. Cao and Haitjema proposed the
combined MSM [4-5]. Sun put forward the two-step method
(TSM) by adopting the Prony spectrum analysis and singular
value decomposition [6]. Soon after, Cao presented a revised
algorithm for TSM by using DFT and IDFT [7]. The procedure of
TSM is much simpler than that of MSM. However, TSM is also
subject to HSP. Zhao stated that HSP in TSM can be alleviated by
selecting a proper angle [8]; and Ozdoganlar pointed out that
increasing the number of measurements works as well [9].
Apart from MSM and TSM, the three-probe method (TPM)
also faces HSP. In order to solve HSP in TPM, Zhang put forward
the multi-probe method [10]; Gao proposed the mixed TPM
[11]; Shi developed the hybrid TPM [12]; and Cappa described
an approach for optimizing the probe angles [13].

It can be found that HSP is a common issue when
implementing the error separation techniques. Although plenty
of solutions have been proposed, few efforts have been devoted
to investigation of HSP itself. Hence, this paper will focus on
revealing the mechanism of HSP in TSM, from the perspective of
propagation of measurement uncertainty. To achieve this aim, a
Laplace Transform based algorithm for TSM will be proposed in
Section 2. In Section 3, the measurement system model will be
developed, which will be followed by analysis of the propagation
of uncertainty. Monte Carlo simulations will be conducted in
Section 4 for verification. Section 5 will draw conclusions.
2. Algorithm of TSM based on Laplace Transform
Figure 1 shows the schematic of TSM. Two measurements are
required; in the first one the rod is orientated at 0° in the spindle
coordinate system; in the second one, the rod is positioned at
; and in both, the displacement probe retains its orientation.
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Figure 1. Schematic diagram of the two-step method

Thus, the probe signal in each measurement can be written as
( )= ( )+ ( )
(1)
( )= ( )+ ( − )
(2)
where refers to the rotation position of the spindle; ( ) and
( ) denote the spindle error and roundness error, respectively.
Subsequently, the weighted function ( ) is defined:
( )=
( )−
( ) = ( )− ( − )
(3)
By using the Laplace Transform, Eq. (3) can be transferred into

( )= ( )−
( ) = (1 −
) ( )
where ( ) = { ( )}; and ( ) = { ( )}.
Eq. (4) can be rewritten as
( )=
( )= ( ) ( )
where ( ) denotes the transfer function.
Substituting = into Eq. (5) derives
( )=
( )

(4)

(5)

(6)

where = √−1; is the order of the harmonics; ( ), ( )
represent the harmonic coefficients of ( ), ( ) respectively.
Based on FT, ( ) can be worked out from ( )
( )= ∫
( )
(7)
By substituting ( ) into Eq. (6), ( ) can be computed.
Therefore, ( ) could ultimately be estimated by adopting IFT:
( )=∑
( )
(8)

Gaussian noise. Its variance and unilateral PSD are both constant:
σ ( )=1
and ( ) =
= 5.56 × 10
.
Under such assumptions, 100 repeated TSMs were simulated.
Thus, 100 results for
were obtained as shown by the
blue dotted line; their mean value ̅
is plotted by the
red solid line (see Figure 3). It can be found that the actual
roundness error almost coincides with the mean of the results
̅
, suggesting that there is no systematic error.
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3. Propagation of probe noise/uncertainty in TSM
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Figure 2. Measurement system model of TSM

3.2. Propagation of probe noise in TSM
The TSM measurements are always subject to various error
sources, such as the noise/uncertainty of the probe, the angle
error etc. In this paper, only the probe noise will be considered
and investigated. Since probe signal is data series rather than
data point, the probe uncertainty is defined by its power
spectrum density (PSD) ( ) from the perspective of the
harmonic domain or variance σ ( ) from the angle domain.
Figure 2 shows that the probe noises propagate first into ( ),
and then, into
. Assuming that PSD of the probe noises
is ( ), the PSD of the noise propagating into ( ) is given by:
=2 ( )
(9)
The PSD of the noise propagating into
is given by
( )=
| ( )| = 2 ( )|
|
(10)
( ) represents the harmonic uncertainty of
.
( ) is determined by | ( )| and ( ).
Eq. (10) suggests
If the greatest common divisor between and 2 equals , it
can be proved that when and only when =
( =
1, 2, 3 …),
would be a multiple of 2 . Hence, it can be derived
that | ( )| as well as the harmonic uncertainty of
tends to be infinity. In TSM, these harmonics are suppressed.
4. Monte Carlo simulations
Monte Carlo simulation is another optional tool to evaluate
the propagation of measurement uncertainty, and thereby, will
be employed later for verification. In the following simulations,
the reference rod is supposed a 10mm radius cylinder with a
flattened surface of 10° ; its roundness error ( ) is shown by
the black dashed line in Figure 3. The spindle error (unit: μm) is
=∑
5 .
( + ),
(11)
The angle
is 3.4° ; the sampling frequency is 3600
samples/revolution. Probe uncertainty is independent white

Figure 3. The roundness error plotted on a circle of 50μm

The power spectra of the deviations of the 100 results can also
be calculated as displayed by blue dotted line; then, by averaging
the 100 power spectra, the statistical harmonic uncertainty of
(i.e. PSD of the deviations) can be deduced as
exhibited by the red solid line (cf. Figure 4). The black dashed
line shows the theoretical harmonic uncertainty of
,
derived according to Eq. (10). It can be found that theoretical
harmonic uncertainty fits well with the statistical harmonic
uncertainty, proving that our analysis about the propagation of
uncertainty in TSM is reasonable.
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3.1. System model of TSM
According to the algorithm proposed in Section 2, the
measurement system model of TSM can be developed, as
displayed in Figure 2, which is linear and time-invariant.
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Figure 4. Harmonic uncertainty of the results

5. Conclusion
This paper analysed the propagation of uncertainty in TSM
based on the measurement system. Monte Carlo simulations
were performed for verification. The derived theory can be used
for further improving TSM. This research approach also applies
to the other error separation techniques, such as TPM.
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