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Abstract 
The paper presents the results of research on modelling of coordinate measurement. The fundamental assumption of the modelling 
is that the measured characteristics (dimensions and first of all geometrical deviations) are determined by indirect measurement. 
The proposed models consider the fact that in coordinate measurement directly measured are the coordinates of surface points of 
the workpiece. The developed models enable using type B evaluation and calculating for all component uncertainties realistic 
sensitivity components. The achieved results enabled to develop the software for evaluation of uncertainty basing on information on 
the CMM accuracy specified e.g. by the formulae for maximum permissible errors MPE(E). The research results show also possibility 
to determine uncertainty component arising from other influences and its sensitivity factor with which it can be included in the 
uncertainty budget by means of one of the standardized methods. The model is illustrated with examples for which the numerical 
calculation is done in the Maple 2016 software. 
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1. Introduction 

The most important stage in the uncertainty evaluation 
process is to define correct measurement model. In regard to 
coordinate measurement two methods are standardised but 
their models are not explicitly given. First, which ISO 15530-3 [1] 
deals with, for the most important uncertainty component up 
uses experimental (type A) approach. This component should 
consider the influence of significant number of factors 
attributed to the measuring machine itself (geometrical errors, 
probing system errors), environmental conditions and 
measurement strategy. The components ucal (associated with 
the uncertainty of the calibration) and ub (associated with the 
systematic error of the measurement process) are evaluated by 
type B method. The last component uw of the uncertainty budget 
should cover the influence of differences among workpieces and 
the calibrated workpiece in roughness, form, coefficient of 
thermal expansion and elasticity. Since the combined 
uncertainty is calculated as geometrical sum of 4 components: 

𝑈𝑈 = 𝑘𝑘 × �𝑢𝑢𝑝𝑝2 + 𝑢𝑢𝑐𝑐𝑐𝑐𝑐𝑐2 + 𝑢𝑢𝑏𝑏2 + 𝑢𝑢𝑤𝑤2  (1) 

and all have the same weight factor equal to 1 [1] one can 
assume that the measurement model is a sum: 
𝛿𝛿 = 𝛿𝛿𝑝𝑝 + 𝛿𝛿𝑐𝑐𝑐𝑐𝑐𝑐 + 𝛿𝛿𝑏𝑏 + 𝛿𝛿𝑤𝑤 (2) 

where: δp – error connected with the measurement procedure, 
δcal – error connected with the calibrated workpiece, δb – error 
connected with determination of systematic error and δw – error 
connected with the measured workpiece. 

The second model, which technical specification ISO/TS 
15530-4 [2] deals with, is also based on experimental approach 
but uses simulation experiment – Monte Carlo method. In this 
model the most important component usim is estimated by 
means of simulation. The model enabling estimation of this 
component consists of significant number of influences – e.g. 
over 20 geometrical errors among others. All of these 
components are treated as random variables and described by 

their probability distributions. The uncertainty budget [2] 
includes unspecified number of uncertainty components that 
have not been taken into account in the simulation (and have 
been evaluated by other appropriate means). The combined 
uncertainty of measurement is calculated as geometric sum of 
all components. Similarly to the previously mentioned model, all 
components have the same weight factor equal to 1: 

 𝑢𝑢 = �𝑢𝑢𝑠𝑠𝑠𝑠𝑠𝑠2 + ∑𝑢𝑢𝑠𝑠2 (3) 

 therefore one can assume the measurement model is a sum: 
𝛿𝛿 = 𝛿𝛿𝑠𝑠𝑠𝑠𝑠𝑠 + ∑𝛿𝛿𝑠𝑠 (4) 

where: δsim – error connected with the influences included in the 
simulation, δi – other measurement errors. 

A significant weak point of both models is lack of justification 
for adding in the uncertainty budget other components with the 
sensitivity coefficient equal to 1. We have to keep in mind that 
the described models are applied to different characteristics: 
not only linear sizes but also angular sizes and especially 
geometrical deviations. However none of the standards includes 
any explanations what is meant by the statement that these 
components have been evaluated „by appropriate means”. 

2. Models for coordinate measurements 

At University of Bielsko-Biala, models for the coordinate 
measurement of different characteristics (size, distance, angle 
and geometrical deviations) were developed taking into account 
the mechanism of error propagation [3, 4]. Each characteristic 
requires appropriate (different) model. The models can be 
treated as significant development of the concept presented in 
VDI/VDI 2617-11 [5]. The principle of these models is the fact 
that coordinate measurement is an indirect measurement and 
all characteristics can be expressed as functions of differences 
of coordinates of characteristic points, which are measured 
directly or indirectly (in case of axis/centre points). For cases 
where minimum number of characteristic points is used the 
models have relatively simple form. 
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3. Models based on point-plane distance 

In the coordinate measuring technique the distance l of point 
S from the plane p given by any point P belonging to this plane 
and the unit normal vector u is calculated as follows: 
𝑙𝑙(𝑆𝑆, 𝑝𝑝) = |(𝑃𝑃 − 𝑆𝑆) ∙ 𝑢𝑢| (5) 
Basing on this formula, measurement models of many 

geometrical deviations can be defined [3, 4]. Especially for 
flatness, position in regard to a plane and axes’ parallelism the 
corresponding model uses 4 probing points and has following 
form (actually, 9 variants of the formula must be considered) 

𝑙𝑙(𝐴𝐴𝑆𝑆,𝐴𝐴𝐴𝐴,𝐴𝐴𝐴𝐴) = �𝐴𝐴𝑆𝑆 ∙ 𝐴𝐴𝐴𝐴×𝐴𝐴𝐴𝐴
|𝐴𝐴𝐴𝐴×𝐴𝐴𝐴𝐴| � (6) 

where AB is a vector [xAB, yAB, zAB], components of which are 
differences of points A and B coordinates: xAB = xB - xA, etc. 

In the example the measured distance l (deviation value) is a 
function of 9 differences of coordinates, therefore the combined 
uncertainty is geometric sum of 9 elements 

𝑢𝑢𝑐𝑐 = �∑ � 𝜕𝜕𝑐𝑐
𝜕𝜕𝜕𝜕𝑖𝑖

𝑢𝑢𝑠𝑠�
2

9
𝑠𝑠=1  (7) 

where uc is the standard uncertainty of the measured 
characteristic; ui are the uncertainties of measurement of 
particular coordinate differences xAB, ... zAS and they can be 
evaluated using method type B, e.g. as u1 = MPEE(xAB)/2, ... u9 = 
MPEE(zAS)/2.  

4. Software implementation and analysis of results 

Basing on the developed models the software EMU [3] for 
evaluation of uncertainty of coordinate measurements was 
prepared. Additionally, Maplesoft Maple 2016 was used for 
easier analysis and visualization of the results. Some results are 
presented below. In all cases the accuracy of the CMM was 
assumed to be within MPEE = 2 + L/250 µm (L in mm).  

Fig. 1 presents the results of analysis of uncertainty of flatness 
measurement. The measured surface is a square with side 
length 400 mm. The points A(5, 5), B(395, 5) and C(200, 395) 
define the reference plane. Point S can be located in any place 
on the plane but usually around the central point of the plane. 
The result do not differ significantly over the plane - the largest 
value of the expanded measurement uncertainty was 2,25 µm. 

a) 

 

b) 

 

Figure 1. Expanded uncertainty of the flatness measurement:  
a) chromatic view, b) cross section x = 200  

 
Similar analysis conducted for significantly smaller feature 

(square with side 40 mm) gives practically identical results. 
Fig. 2 depicts results of analysis of uncertainty of 

measurement of position deviation of a point in regard to a 
plane. The datum surface have the shape of a square (40 x 40 
mm) and is defined by the points A(5, 5), B(35, 5) and C(20, 35). 
Point S, position of which is toleranced, may be located in any 
place 200 mm over the datum plane. The largest value of the 
expanded measurement uncertainty was 2,9 µm. 

Similar analysis conducted for significantly larger feature 
(datum plane as a square with side 400 mm) gives practically 
identical results. Therefore it can be concluded that uncertainty 
of position measurement depends mainly on the distance from 
the datum. 

a) 

 

b) 

 

Figure 2. Expanded uncertainty of the position measurement: a) 
chromatic view, b) cross section x = 20  

 
Analysis of measurement uncertainty for parallelism of axes in 

the plane perpendicular to their common plane can be carried 
out with use of the same model (see [4]). The workpiece 
(connecting rod) datum axis (foot axis) is defined by points A(5, 
5), B(25, 5), and the toleranced axis (head axis) by the points C(5, 
205) and S(25, 205) (the probing sections are 20 mm apart, 
distance between the axes is 200 mm). The results may be used 
directly if the appropriate probing strategy is applied namely 
distances between probing sections is insignificantly smaller 
then width of the measured hole. Otherwise (as during 
measurement) results must be multiplied by the coefficient 
calculated as quotient of the width of the conrod eye and the 
distance between the probing sections. The uncertainty analysis 
was carried out additionally for 3 variants differing with the 
distance between probing sections of the toleranced hole. Fig. 3 
shows the uncertainty values recalculated for the width of the 
head 25 mm. 

 
Figure 3. Expanded measurement uncertainty of the parallelism of axes 
as function of distance between probing sections of the toleranced axis 

5. Summary 

The developed models of coordinate measuring tasks use the 
MPEE as information on the CMM accuracy. The measuring task 
models, i.e. influence of the indication errors on the measured 
characteristic, use formulas on point-plane, point-straight line 
and point-point distance. Using the models enables evaluation 
of uncertainty for all kinds of characteristics measured with 
coordinate measuring technique, i.e. sizes, distances, angles and 
first of all geometrical deviations.  

Using Maple software additionally allows relatively easy to 
perform analyses and generalisation of the results. 
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